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PREFACE. 



I RATE lo ag been seeking a Geometry for beginners, suited to 
my taste, and to my conyictions of what is a proper foundation 
fbr scientific education. Finding that Mr. Josiah Holbbook 
agreed most cordially with me, in my estimate of this study, I 
had hoped that his treatise would satisfy me ; but, although 
the best ^ had seen, it did not meet my yiews. Meanwhile^ 
my own children were in most urgent need of a text-book, and 
the sense of their want has driyen me to take the time neces- 
sary for writing these pages. Two children, one of fiye^, the ' . *' 
other of seyen and a half, were before my faiAd'fl eyifttQ the*. ' * 
time of my writing ; and it will be found thtU children *)f* Ifttf 

age are quicker at comprehending first lessons u»*(feomefyf; , , ' *. 

*t » * ' • 
than those of fifteen. Many parts of this book ipl,.howwr, / > ' '. 

be found adapted, not only to children, but to.pUpilS ^t ^ulfc- ' • ' ' 

age. The truths are sublime. I haye tried to present them in 

a simple and attractiye dress. 

I haye addressed the child's imagination, rather than hia- 

reMOUy because I wished to teach him to oonoeiTe ef fbnnfl.. 



IV PREFACE. 

The ohild'8 powers of sensation are developed befbre bis powers 
of conception, and these before his reasoning powers. This is, 
therefore, the true order of education ; and a powerful logi- 
cal drill, like Golbum's admirable first lessons of Arithmetic, 
18 sadly out of place in the hands of a child whose powers of 
observation and conception have, as yet, received no training 
whatever. I have, therefore, avoided reasoning, and simply 
given interesting geometrical fiiots, fitted, I hope, to arouse a 
ehild to the observation of phenomena, and to the perception 
of ibrms as real entities. 

In the pronunciation of words at the foot of the page thft 
notation of Dr. Worcester's Dictionaries has been IbUowecl 

WAUBLUf, Mais., Ab«» 1854. 
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CHAPTER I. 

WHAT THIS BOOK IS ABOUT. 

1. I HAVE written a little book for you about 
Gteometry. You will find a great many new 
words in it; but I have taken pains to explain 
them all, and I think you will understand them 
all, if you will only begin at the beginning, 
and read each chapter very carefully before you 
go to another. And if you find any place in the 
book that you cannot understand, I think you will 
do well to turn back, and read the whole over 
again, fi-om the second chapter. When you come 
again to the place which you did not understand 
before, I think you will find it has grown easier 
for you. 

2. I hope you will fiaid the book interesting. It 
tells about straight lines, and circles, and many 
different curves, and a few solid bodies. It will 
tell you curious things about the shadows of mar- 
bles, and the rolling of- hoops, and about tossing a 
ball, and other plays for children. But, if some 
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parts of the book do not seem interesting, you 
shouli study those parts all the more carefully ; 
for they may, perhaps, be the most useful parts. 

3. Greometry is the most useful of all the sci- 
ences. To understand Geometry, will be a great 
help in learning all the other sciences; and no 
other science can be learned unless you know 
something of Geometry. To study it, will make 
your eye quicker in seeing things, and your hand 
steadier in doing things. You can draw better, 
write better; cut out clothes, make boots and 
shoes, work at any mechanical trade, or learn any 
art, the better for understanding Geometry. And, 
if you want to understand about plants and ani- 
mals, and the wonderful way in which the All- wise 
Creator has made them, you must learn a little 
Geometry, for that explains the shapes of all 
things. 

4. In this book I can teach you but little. I 
hope, however, tliat it will be enough to make you 
want to know more. I shall tell you only the 
easiest and most interesting things now ; but when 
you are older you may study what is more diffi- 
cult. Many of the things that I shall tell you 
will be very curious, and you will, perhaps, wonder 
how men can find out such things. But when you 
are older I hope that you will be able to find out 
such things yourselves. 
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CHAPTER II. 

POINTS, LINES, AND PLANES. 

1. A POINT is a place without any size. When 
I make a dot to mark the place of a point, that is, 
to show where the point is, you must not think 
that the point is so big as the dot. The point has 
no size at all, but is only a place without any 
size. If I put my dot in the right place, the 
point will be exactly in the middle of the dot. In 
common talking, we sometimes call anything that 
is very small a point ; and so we talk of the point 
of a needle, or of the point of a lead-pencil. But 
in Geometry a point is a place so small that it has 
no size at all ; neither width, nor length, nor depth. 

2. A line is a place that is 
long without having any breadth 
or thickness. When I make a 
long, fine stroke with a pen or pencil, or with a 
piece of chalk, you must not think that the stroke 
of pencil, or ink, or chalk-mark, is itself the line. 
I only make it to show where the line is, or to help 
you imagine a line ; but the line itself is the mid- 
dle of the stroke ; you cannot see it any more than 

How large is a point 7 How can you mark the position of a 
point ? In what part of the dot is the point supposed to be ? 
What is the di£ference between the word point in common talk 
and in Geometry 7 How wide is a line 7 How shall we mark 
a line 7 In what part of the stroke should the line be 7 Ifhtt 
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you can see a point, for it is only a place ; and 
although it has length, it has no breadth noi 
thickness. 

3. The ehds of a line are points. You may fancjf 
a line to be the middle of a very fine wire, and then 
you will easily see that the ends of it are points. 
4. When the point of my pen or pencil 
moves along on paper, a fine stroke of ink 
or of pencil-mark is left behind it. And 
that may help you fancy a real point mov- 
ing along and leaving a real line behind it. 
It will, you know, be only fancy ; because 
a real point is only a place, and a place 
cannot move. But it is a good way to 
fency a line as marked out by the track of 
a moving point ; that is, by the very centre 
of the end of a pencil. It will help you very 
much in understanding Geometry, if you fancy a 
line as the track of a moving point. 

5. A plane is a flat surface, like the floor, or the 
top of the table, or like your slate. I need not 
tell you any more exactly what a surface is, and 
what a flat surface means ; because I am going to 

is the end of a line ? How can you fancy this so as to make it 
like a needle-point 7 If a point could move and leave a track 
behind it, what would that track be ? How may all that i^ 
described in the first thirty-five chapters of the book b« 
cbrawa? • 



QSOMfiTRY. U 

be confined to one plane for a long while. I mean 
that for a good many chapters I shall tell you only 
about such lines as can be drawn upon your slate^ 
or upon the blackboard. 

6. Now you have studied enough for one lesson. 
K you understand this well, you have made a very 
good beginning in Geometry. • 



CHAPTER III. 

ABOUT STRAIGHT LINES AND CURVES. 

1. A LINE that is not bent in any part of it is 
called a straight line. If we fancy a point moving 
in a straight line, we shall see it moving always in 
the same direction. A straight line is the shortest 
path that can be made from one point to another. 
So, when we wish to tell the distance from one 
place to another, we measure how long the straight 
line is that joins the two places. If a thread is 
stretched tight across a table, it marks a straight 
line across the table. This is the way that car- 
penters mark a straight line, by rubbing the thread 
first with chalk; and gardeners lay out garden- 
paths and beds by stretching a line. 

What is a straight line 7 What is the direction in which a 
point moves when moving in a straight line ? What is the 
shortest path from one place to another ? How does a, o^*** 
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2. A dure line bends in every part, but has m 
sharp comers in it. And, if we &ncy a point 
moving in a curve, we shall see it all the timo 

changing its direction, but 
never taking sudden turns. 
Perhaps it will help you 
understand the difference between a straight 
line and a curve, if I draw two lines at the 
side of the page. I think you will under- 
stand, from what I have said, which is the 
straight line, and which is the curve. 

3. Now I want 
you to see that 
two straight lines can 
never cut across each 
other in more than 
one place. If you draw only two lines on your 
slate, and each line is straight, they cannot cross 
each other in two places. But you cannot draw 
a curved line that you cannot 
cut, at least, in two places. 
Try to draw, on your slate, a 

penter mark a straight line T HoTf does a gardener make his 
paths straight? What 1^ a curre line? Uoir does a point 
move in a curve ? In how many places can one straight line 
cross another? Can a straight line always cut a curve in 
more than one place ? In how many places can a straight line 
always cut a carve ? Let the teacher draw a curve upon the 
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eurre that cannot be cut in two places by one 
straight line. 

4. There is one thing more that I want you to 
learn at this lesson. Whenever a straight line 
joins two points of a curve, there is always some 
point on the curve between the two points at 

which die curve goes in the ^-g ^^^ 

same direction as the straight >/^^,— TY 

line. So in my figure you see ' ^ I 

that the curve at c goes in the same direction as 
the straight line A b. Draw on your slate figures 
of curves, and cut them by straight lines, and you 
will find it always so. This seems like a very 
fflmple^ thing, and yet it is a vei^y useful truth. 



CHAPTER IV. 

ABOUT ANGLES. 

1. When two straight lines go in different direc- 
lions, the difference of their directions is called an 

blackboard, cross it by a straight line, and then, moving the 
chalk along the curve, require the scholars to say "noTf," 
whenever the chalk is moving in the same direction as the 
straight line. 

What is an angle 7 On what does the size of an angle de- 
{)end 7 Let the teacher draw angles oa the blackboard, and 

2 
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angle. The size of the angle depends, then, on 
the difference of the directions of the lines, and not 

on their length. So that 
/ the angle which I have 

marked b, is larger than 

that which I have marked 
A, because there is more difference in the direction 
of the two lines at B, than of the two lines at a. 

2. The point where two straight lines meet, or 
where they would meet if we fancied them drawn 
long enough, is called the vertex of the angle. 
The vertex of the angles A and b is not marked 
down ; but you may draw two straight lines meet- 
ing, and the point where they meet will be the 
vertex of the angle between them. 

3. When two straight lines cross each other, 
they make four angles. So, in the figure in the 

margin, we have two 
straight lines making 
the four angles, A e c, 

A E D, B E C, BED. 

But when we say they 
make the angle A e c, we have to fancy the 

ask which is the larger, which the smaUer, etc., bdng careful 
to make some of the angles without vertices. What is the yer- 
tez of an angle ? Let the teacher call the scholar to the board 
to point out the vertices of the angles he has drawn. When 
two straight lines cross each other^ what is sJwajs true about 
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straight line d c going in exactly the opposite 
direction to that in which it goes to make the 
angle A B d. 

4. If we fancy that the line A b, in the next fig- 
ure, points from A to B, while the line c D points 
from c to D, the two lines will make the angle e. But 
if the line A b points 

from B to A, they will 
make the angle F. Wh^i 
these two angles are 
equal, each is called a 
right angle. 

5. When two straight lines cross each other, 
the opposite angles are of the same size. I mean 
that in this figure the 

angle A e c is just ^"^^-.^^ 

as large as the angle ^!!2 :::5'>^cr^ ^ 

DEB, and the angle ^"^^^^^n 

A E D just as large as 
the angle o e b. 

6. When two straight lines crossing each other, 
make four equal angles, each angle is called a 

the angles they make ? What is a right angle 7 What ex- 
amples can yoa give of a right angle 7 What is the common 
•name fbr the vertex of a right angle 7 The teacher most be very 
tsareful not to let the child confound the measure of an angle 
with either the length of the sides, or area of the opening 
twtween them ; but illustrate and explain it only by differ- 
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right angle. Draw two Unes 
on jour slate at right angles 
to each other. The side of 
your slate is at right angles to 
the bottom. The top of a sheet 
of letter-paper makes a right 
angle with the side. The sides of every square 
comer are at right angles to each other. The 
vertex of a right angle is called a square corner. 
When two square comers are put together, the 
outside edges will form a straight line. 



CHAPTER V. 

PARALLEL LINES. 

1. When two straight lines make no angle with 
each other, or when they make an angle equal to 
two right angles with each other, they are called 

parallel. That is 

to say, parallel 

"^ lines are straight 

lines that point 

in the same di- 
rection, or in ez- 

enoes of direotions ; saoh as points of compass, arrows, tam- 
ing joor ikce about, etc When two square oomers are put 
together, how do the outsides run T 



z. 
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actlj opposite directions. Try whether you can 
draw such upon your slate. 

2. When two straight lines are parallel, they 
are just as far apart in one place as in another. 
They could not come nearer and then go further 
apart without bending ; but a straight line does 
not bend in any part. And, if they kept coining 
nearer until they met, they would make an angle 
with each other, and the point where they met 
would be the vertex of the angle. But parallel 
lines make no angle with each other. 

3. If two straight lines are just as far apart in 
one place as in another, they are parallel ; they 
run in the same direction. Try whether the sides 
of your slate are parallel, by measuring whether 
they are just as far apart at the top of the slate as 
at the bottom. 

4. When two curves are everywhere at the same 
distance apart, they are called concentric curves. 
Sometimes they are called par- 
allel curves ; but this is not so 
good a name for them as con- 
centric curves. 

Look about the room, or out of the window, and teU me 
what straight lines you can see. Do you see any curve lines ? 
Any lines that make angles with each other ? Can you show 
me any parallel lines? Any concentric curves? What are 
jHkrallel lines ? What can you say about the distance apart of 

2* 
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5. When a straight line crosses two parallel 
lines, it makes the same angles with the one aa 

with the other. 
The direction of 
parallel lines is 

-^ — alike, and so the 

"^ ' difference of their 

directions from 
that of the straight line must be alike. 

6. If a straight line is parallel to one of two 
parallel lines, it is parallel to the other. Draw 
now two parallel lines on your slate. Draw a 
third line parallel to one of your first pair, and it 
will be parallel to the other. All three of the 
lines will point in the same direction. 

parallel lines ? When a straight line crosses two parallel lines, 
what can you say about the angles 7 (Let the teacher beware 
of forcing a child to repeat the reasoning of sections two and 
five. To the teacher the reasoning is easier than the concep- 
tions ; to the child it is just the reverse.) How can you tell 
whether two lines are parallel 7 
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CHAPTER VI. 

4 LITTLE ABOUT TRIANGLES. 

1. A TRIANGLE is a figure 
bounded by three straight 
lines. They are very sim- 
ple-looking things; and yet there are many 
curious things known about them already. And 
those that know most about Geometry tell us that 
no one has yet found out all that can be known 
about them. 

2. The three angles of 
a triangle taken togeth- 
er will make two right 
angles. You can try it, 
if you like, by cutting a 
triangle out of paper, with a pair of scissors. Be 
very careful to make the edges straight. Now 
cut off two of the comers by a waving line, and 
lay the three comers of the triangle carefully 
together. The outer edges will make one straight 
line, just as if you had put 
two square corners together. 
Tou may make the triangle of 
any shape or size, and, if the 
edges are straight, you will 

Draw triangles, and ask ** What is the name of these fig< 
ares?" What is a triangle? Draw a right triangle, and. 
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always find that the three comers put together 
make a straight line with their outer edges, just as 
two square comers would do. And this is what 
we mean by saying that the three angles of a tri- 
angle taken together, will make two right angles. 

3. A triangle cannot have more than one angls 
as large as a right angle. 

4. K one aiigle in a triangle ip a right angle, 
the other two, put together, will, of course, just be 
equal to a right angle. You can try this by cut- 
ting paper triangles with one square corner, and 
then cutting off the other > comers by a waving 
line, and putting them together. 

5. ff one side of a triangle is longer than 
another side, the angle opposite the longer side ia. 
larger than that opposite the shorter side. Now 

look at the fig- 
ure. The side a 
is opposite the 
^ " angle A, and the 

side b opposite the angle b. The side b is longer 
than the side a ; and from this we may know thafc 
the angle b is larger than the angle A. 

6. Now, on the other hand, when one angle ia 

pointing to the square comer, ask, "What angle is this ? ' * How 
many square comers can a triangle ever have ? How much 
do the three angles of a triangle put together make ? If one 
angle is a right angle, how much do the other two put to- 
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• triangle is larger than another, the side opposite 

the larger angle is longer than the side opposite 

the smaller angle. 

So, if we know ^ 

that B is larger 

than c, we may •^' 

know that 6 is larger than c. 




CHAPTER VII. 

MORE Ab'oUT triangles. 

1. Suppose that we found two sides of a tri- 
angle to be just equal to each other, what should 
we know about ike angles? We should know thai 
the angle opposite 
one side was just 
as large as the 
angle opposite the ^* 5" 

other side. If the side a is just as long as the 
side c, the angle A is just as large as the angle c. 

gether make. If one side of a triangle is longer than another, 
what do you know about the angles ? If one angle is larger 
than another, what do you know about the sides 7 

When we know that two sides of a triangle are equal, what 
do we inow of the angles ? When we know that all the sides 
of a triangle ard of the same size, what do we know about the 
Miglea? When we know that two angles are equal, what do 
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2. But if, on the other hand, we know that ^bf 
two angles are equal, we shall know from tfait 
that the two sides are equal. If the angle A ii 
just as large as the angle c, then the side a must 
be just as long as the side c. Such a triangle is 
called isosceles, which means equal-legged. 

8. Now if the three sides of a triangle are each 
equal to each other, then the angles are equal to 
each other ; and if, on the other hand, the three 
angles are equal to each other, then the 
sides are equal to each other. Such a 
triangle is called equiangular, or equi- 
lateral. Perhaps this drawing will help you to 
imagine an equilateral triangle. 

4. If a line be drawn through a triangle paral- 
lel to one side of the triangle, it divides the other 
two sides in the same proportion. I mean that, if 
in such a triangle as A B c we draw D e parallel to- 

A B, then G B will be the same 
part of A that o b is of c B. 
If D is two thirds of c A, then 
c E will be two thirds of c b. 
5. Besides what I have al- 
ready told you about the last figure, — that is, 

we know about the sides? When we know that the three 
angles are equal ? What is an equiangular triangle 7 What 
is an equilateral triangle? Bverj equiangular triangle le 
also — ? And every equilateral triangle is also — 7 Let the 
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aboat any triangle that is cut in two b j a line 
parallel to one side,— -there are two other curious 
things for you to learn. In the first place, A D 
will be in the same proportion to D c that b e is to 
B c ; and in the second place, o d will be in the 
same proportion to c E as a c is to b c, and A D 
will also be in the same proportion to E b. If b c 
is three quarters of A n, then c s will be three 
quarters of o d, and E b will be three quarters 
of A D. 

6. If we divide one side of a triangle into equal 
parts, and then draw lines through the points 
where we have divided the side, making these 
lines parallel to another side of B 
the triangle, the third side will be 
divided into equal parts. Thus, 
if the side A b is divided into 
equal parts, the side b c is also ^^^^z:::::^^^^ c 
thus divided. 

7. I am afraid this lesson will be diflSicult to 
understand ; but in the next I will try to tell you 
something that will be easier. 

teacher now copy the figure of section foor upon the blackboard, 
and ask what lines are in the same proportion as o d and o A ? 
What in the same as o d to o e 7 What in the same as a d to 
DO? Let the teacher, also, draw parallel lines at equal dis- 
tances apart, like a staff of music, and then, stretching a string 
across them, show the scholars that the lines dlTide the string 
equaUy in whaterer direction it is held. 
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CHAPTER VIII. 




RIGHT TRIANGLES. 

1. If you do not remember what a right angle 
is, you must turn back and read chapter iv., sec- 
tion 6, and then you will be ready to go on with 
this chapter. 

When a triangle has 
a right angle for one of 
its angles, it is called 
a right triangle. The 

angle A b c is a right angle, and the triangle ABO 

a right triangle. 

2. Any triangle may be divided into two right 
triangles, by drawing a line through the vertex of 
the largest angle in such a way as to make right 
angles with the longest side. Thus, if b is the 

,0 largest angle in the tri- 
angle A B c, we can 
draw B D in such a way 
as to make the angles at 
D right angles ; and this will divide the triangle 
into two right triangles, A D b and c d B. 

Now draw any triangles you please, upon your 

What is a right angle 7 What is the common name for the 
tertex of a right angle ? What is a right triangle 7 How oan 
70a diyide any triangle into two right triangles 7 The teaob^r 
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slate, and try whether you cannot always divide 
them, in this way, into two right triangles. 

3. If the largest angle in a triangle is larger 
than a right angle, we can always fancy a right 
triangle added to it in such a way as to make the 
whole figure a right triangle. K b be larger than 
a right angle, we can 
make A b longer, and 
draw c d down in 
such a way as to^- 
make d a right angle. 
Then the added triangle b c d is a right triangle, 
and the whole figure A d c is also a right triangle. 
And, by taking away b D c fix)m A d c, we shall 
have ABO left. So that any triangle with one 
angle larger than a right angle, like A b c, may 
be fancied as the difierence between two right tri- 
angles, like ABC and B D c. 

4. If we divide a right triangle into two right 
triangles, as I have told you how to do in the sec- 
ond section of this chapter, the two little triangles 
will be of exactly the same shape as the whole 
large triangle. 

may call the class to the blackboard, and allow them to draw 
triangles and divide them in this way. To what kind of tri- 
angle can yon add a right triangle so as to make the whole 
figure a right triangle ? Let the pupils show this by drawing 
ihem on the blackboard. What kind of triangle can be fitncied > 
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c Thus, if B is a 

angle, and the angles « 
D are both right angles', 
iJien the three triangkfi^ 

A B 0, A B D and B D c, are all of exactly the same 

fhape. 

CHAPTER IX. 

SIMILARITY AND ISOPBRIMBTRT. 

1. There are two very hard-looking words at 
the head of this diapter ; but they are not hard to 
understand. Similarity means likeness ; and in 
Geometry it means the having the same shape* 
Isoperimetry * means the being of the same size 
round about. 

2. When two bodies, or two geometrical figures, 
are of exactly the same shape, we call them Bim- 
ilar. When two figures are similar, that is, of 
exactly the same shape, the angles of one filgure 
are exactly equal to the angles of the other figure, 

as the difference between two right triangles ? If we diTide a 
riight triangle into two right triangles, what do you know 
about them? 

What is the meaning of " MmilaT *' figures ? What is true 
of the angles of similar figures ? Let the teacher draw two 
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•ad all the codes <^ the first figure are in the same 
propartkm to the oorrespondiog sides of tiie other 
figure. I told yoa lliat 
A D B and D B are of 
the same shape. So 
that the angle at A is 
just as large as the angle b b c, the angle at 
just as Wge as D B A, and Hie two angles at d are 
£qnaL And c B is the same part of A b tliat c D 
is of n B, or tiiat d b is of a d. All this is meant 
by saying that the triangle c D b is of ^e same 
ahaj^e as a d b. 

8. K we find that the three angles of one tii' 
angle are just equal to the three angles dT anodur 
triangle, we may know that the three sides of the 
first triangle are in the 
same proportk)n to the 
corresponding sides of the 
second triangle, and that the triangles are similaor 
That is to say, that if the three angles of one tri*' 
angle are equal to the three angles of another tri* 
angle^ the sides opposite to the equal angles are is 
the same proportion to each other. 

4. It is also true that when two figures aro 

-1 ^ - — - I I II ■ 

dmilar quadrilaterals on the board, make a little eirde, star* 
croflB and accent, in the fear angles of one, and bid a mendber 
of the class come and put corresponding marks in the anglot 
«f the other figure, thus : " Who irill mark in that figure tbt 
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similar, any two sides of the one are in the same 
proportion to each other that the correspondiiig 
cddes of the other are in to each other. Thus, D 

is the same part of B 

that B D is of B A. And 

D B is the same part of 

D A that D c is of D B. 

5. All the nice calculations of engineers, and 

machinists, and ship-builders, and navigators, and 

astronomers, are made by help of similarity of 

triangles. 

I will try to explain to you one single instance 
in which you can use similarity of triangles. Sup- 
pose that a house stands on level ground, and you 

wish to find out how high 
it is. Put a stake up- 
■ 1 W right in the ground, any- 
where that you think 
best, say at B. Then lay your head close to the 
ground, and move it until you can just see the top 
of the house over the top of the stake. Then, 
measure how far your eye is from the bottom of 
the stake, and how far from the bottom of the 
house. Then, as you will see by the figure, you 

angle wliioh la equal to this that I marked with a cross ? Who 
iHll mark the one equal to this one marked with a circle ? '* 
eto., etc. Then let the teacher make a cross through two 
rides of one quadrilateral, and say, ** Who will mark the two 
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will have two triangles of the same shape, .and the 
height of the house will be the same part of the 
distance a o, that the height of the stake is of the 
distance A b. If the height of the stake is equal 
to ihe distance of your eye from the bottom of it, 
then the height of the house is just equal to the 
distance of your eye from the foundation of the 
house. Another way of finding similar triangles 
to measure a house, or tree, on level land, is by 
using shadows. The shadow of the stake b, when 
the sun shone, would be a triangle. The stake 
would be one side, the shadow on the ground 
another, and tiie third side would be the edge of 
the shadow in the air, going from the top of the 
stake to the end of the shadow on the ground. A 
similar triangle would, at the same time, be made 
by the shadow of the tree or house. So that, if 
you should measure at any time the length of the 
shadow of the stake, and the length of the shadow 
of the house, you could tell the height of the 
house ; because the height of the house would be 
the same part of the length of its shadow that the 
stake was of its shadow. 

6. When it is just as &r round one figure as it 

Bides in the other figure that are in the same proportion aa 
these ? " Next let him draw a figure of a libertj-pole, and a 
stake, and ask the child to explain in what way he can meaa- 

8* 
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'm nmnd aaollier, the two fignreB are called im^ 
perimetrical,'^ which means equal round aboot. 

K one triangle measures, on ite 
sides, two feet, and five feet, and 
six feet, its perimeter,! that is^ tbe 
distance round it, will be thirte^i 
feet; because two and five and 
mz. make thirteen. And if another triangle meaa- 
ares on its sides, three feet, and six feet, and foor 
feet, its perimeter will also be thirteen feet; be^ 
cause three and six and four make thirteen. S^ 
these two triangles will be isc^rimetrical ; but 
thej will not be similar, that is, they will be of 
different shapes. 

7. Bimilar figures are Uiose of the same shape ; 
isoperimetrical figures are those whi(^ 
equally round about. 



CHAPTER X. 

THE SIZB OF TRIANGLES. 

1. If one side of a triangle can grow longer or 
jhorter, while the opposite angle opens ajid shuts, 

are the height of the liberty-pole by means of the stake. When 
are two figures called isoperimetrical ? 

* I89p£r}m£fc'ric9l. t P^rlm'^ter. 
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M though its vertex were a hinge, the triangle will 
be largest when that angle is a right angle. Thus, 
if A B and B can- 
not be changed in 
length,, but if A c 
is like an India- 
rubber cord, and 
can be made longer 
or shoij^r by altering the angle at b, then the tri- 
angle ABC will be largest when the angle at b is 
a right angle. 

2. You can show this very prettily in this way. 
Take two little straight sticks and hold them to- 
gether at one end with your thumb and finger, 
while you spread the 
other two ends against 
the edge of the table. 
The triangle made by 
the two sticks and the 
table-edge will be largest when the sticks make a 
right angle with each other. 

8. K one side of a triangle cannot change in 
lei\gth, and if the other two can only change in 
Auch a way as to keep the triangle isoperimetrical, 




If two sticks lean their tops together, how most they be 
placed to make the spaoe between them and the ground larg- 
est ? If two boards be nailed together to make a pig-trough, 
what angle moat they make so as to have the trough hold 
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the trmngle will be largest when these two aidai 
are of equal length. Thus, if b o cannot grow 

either l<»iger or shorter, 
and if A B grows shorter 
exactly as &st as A g 
grows longer, or grows 
longer exactly as &st as 
A grows shorter, the triangle will be largest when 
A B is equal to A o. • 

4. Tou may show this in a very pretty way by 
tying the ends of a string to the ends of a straight 
stick a good deal shorter than the string. Then 
take the stick in (me hand, and, putting one finger 

of the other inside the string, 
pull it tight. The triangle 
\ formed between :tjie string and 
the stick will be largest when 
your finger is in the middle 
of the string. But when you move your finger 
the triangle remains isoperimetrical, if the string 
does not stretch. 

5. If we suppose that all three sides of a tri- 
angle can change their length, but only in such a 
way as to keep the triangle isoperimetrical, then 
the triangle will be largest when the three sides 
are equilateral. That is to say, that an equilat- 

moet 7 If a tent is made simply of two slant sides like ih% 
roof a house, how must we pitch it so as to haye most ro<MBOi 
bit? 
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«ral tmn^e k the largest «ixK>ng isoperimetrical 
JtmngkB. 

6. Yoa eaa sbow this by tftking a long piece of 
string and tying the ends together. Put into this 
loop one finger of your right hand, and get two 
playxaates each to do the same. Stepping back, 
you can pull the string into a large triangle, and 
you "wiU see that it is largest when your fingers 
are at equal distances, and the triangle equilateral. 
Bat all the triangles made by moving the fingers 
nnH be isoperimetrical, because ^e string remains 
of one length. When you grow older you can 
{irove these things; but now you can best show 
•hem to yoniBelf in such ways as this. 



CHAPTER XI. 

DlFVmUSST KINDS OF XSIANGLSS. 

1. When a triangle has ito three sides equal, 
& is caUed an eqnilaiteral triangle. Equilateral 
laeaas ^^qvalnBided. l&verj equilateral triangle has 
itssnglfii mpel to mxk other; and is, therefore, 
tsalled eqidajigulajr. But equilateral is the mora 
<x>mmon name. 

liet fhe lefteher proTide sticks and strings and make tri- 
VBgles, m ^Breetefl in sections twt>, fbnr and tax, and a8k» 
*«* When wiU this triangle he hu^eft? " 
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2. When a triangle has two of its sides of An 
same length it is called an isosceles"*^ triangle. 
Isosceles means equal-legged. The angles opposite 
the equal legs are, as I hope you remember, eqiial 
to each other. 

An equilateral triangle must be isosceles ; but an 
isosceles triangle may not be equilateral Every 
horse is an animal; but not every animal is a 
horse. 

8. Suppose that a b o is an isosceles triangle, 
and that a is equal to c. Now, if we draw a 

line B b from b to 
the middle of A o, 

it will divide the 

^B triangle into two 

equal right triangles. The angle at b is divided 
exactly in the middle, the angles at b are rig^ 
angles, and we could fold the triangle over 
on the line b 6 as a hinge, and the two pieoes 
would fit each other exactly. 

4. If a triangle has M 
two sides equal, it is called 
a scalene triangle. Soar- 
lene means lame, or limping. (_ 





h 



Set the class at the blackboard, and ask them to draw aa 
equilateral triangle, and tell what thqr know about its angloi 
and sides. An isosceles triangle. A soaleve triaogle. Aa 
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5. When a triangle haa one right angle, it is, 
aa I hope you remember, called a right triangle. 
We can have isosceles right triangles, and scalene 
right triangles ; but, of course, we cannot have 
equilateral right triangles. 

6. When neither of the angles of a triangle is a 
right angle, the triangle is called an oblique * tri- 
angle. Oblique triangles may be equilateral, or 
isosceles, or scalene. 

isosceles oblique triangle. Isosceles right triangle. Scalene 
right triangle. Scalene oblique triangle. Ask them, also, 
to point out aU the triangles in objects within sight, and name 
them according to this chapter. 



Bbview or Tbianoles. — L^ the scholars now turn back 
to chapter yi., and take six chapters as a review-lesson, and 
answer the following questions, and others selected from the 
questions on each chapter. 

What is a triangle ? If the three comers of a paper tri- 
angle are placed togeUier, what will their sum be ? How will 
the outer edges run 7 In a right triangle what will the sum of 
the two smaller angles be 7 In an isosceles right triangle what 
part of a right angle will each smaUer angle be 7 How are 
the smi^est angle in a triangle and the shortest side in the 
same triangle placed? If one comer of a triangle be cut off 
by a line parallel to the opposite side, what is the shape of the 
little triangle that you thus make 7 If we diyide a right tri- 
angle into two right triangles by a line through the yertez of 
the right angle, what will be the shape of these little triangles 7 
When are two triangles similar 7 When isoperimetrical 7 When 

» ObICk'. 
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CHAPTER XII. 

QUADBANGLES. 

1. Whbn a figure is boaoded by fimr Eftra^t 
lines, it is called a qnadraogle. Sometimes it is 
ealled a quadrilateral, but generall j a quadrangle. 

2. A line joinittg 
two opposite verti^ 
ees is called a dii^ 
onal. In this figure, 
the dotted line A « 
is a diagonal, and 
the dotted line b d is anotiiar diagonaL 

8. Each diagonal divides the quadrangle iula 
imo triangles. If both diagonals are drawn, ib» 
qtiadrangle is cut up into four little triangles ; hvH^ 
those are not the triangles of which I am speaking* 
The dotted line A c, in the figure, divides the 

quadrangle into two triangles, a b g and c d a» 

■ — ^ — — — ■ I I 

fmfy one nde of a triangle can alter in lengthy how shall mO' 
make the triangle laVgest ? When two sides enlj can alter^ 
bat the triangile is kept isc^rimetrioal, how is it made lai|^ 
est 7 What is the largest of all isoperimetrioal triangles ? 




What is a quadrangle 7 What do 7011 call a line that jtAoB 
two opposite Tertices7 Into what two figures lis a quadraag^ 
dirided by a diagonal 7 What is the sum of the amgles of * 
triangle 7 What is the sum of the angles of a quadrangle t 
How can yoa show this by paper figures? Let» now» th% 
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And I think yon can easily see thai, if we put all 
ijae eom&ok cf a quadrangle together, they will 




make jost as large a sum as if we put all the 
angles of two triangles t<^ther. 

4 The sum oS the four an- 
gles of any quadrangle is equal 
to four right angles. But if 
we put the vertices of four 
ijight angles together, the sides 
of the angles will make two straight Unee crossing 
each other. 

And if we make a paper quadrangle, out off th» 
oomers (by a waving Hne, so as not to become cott- 
fosed), and put these four comers together, we 
ahall find that they 
ill up all the space 
around the comers. 
Compare now the let- 
ters in these four an- 
g^ with the letters at the comer of the first 
quadrangle that I drew for you, on page 36. 

ieadies draw quadrangles and diagonals on tbo board, and 
Mkk, << What is this figure 7 What is this line? " eto. WhftI 

4 
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In cutting paper tri- 
angles and quadrangles, to 
show that the comers put 
together make two or 
four right angles, you 
must be careful to make 
the sides straight Cut 
ofiF the corners by a wav- 
ing line, that you may distinguish the edges of the 
cuts &om the edges of the triangles or quad- 
rangles. 

5. The shape of a triangle cannot be altered, 
except by altering the length of at least one side. 
But the shape of a quadrangle can be altered 
without altering the length of a single side, by 
altering the angles. The diagonals of a quad- 
rangle can be made shorter or longer without short- 
ening or lengthening the sides. K you will look 

at the figure you will 
see that b d might 
be pulled out, and 
A c crowded togeth- 
er, so as to alter the 
shape of the quad- 
rangle very much, without altering the length of 
its sides at all. 

IB the only figure that is strong and stifif 7 In what figurei 
oan the angles be altered without altering the sides 7 What ia 




aSOMETBT. 



89 





6. Take two willow twigs, or 
two thin rolls of paper, such as 
are used for lamp-lighters, and 
bend one into a triangle, and one 

into a quadrangle. You will 
find that the triangle is sti£^ 
and that the quadrangle is 
not. 

7. If you have ever noticed the frame of a 
house, you have seen that the carpenter puts 
braces in the comers. With- 
out braces the timbers would 
only make quadrangles, and 
so would have no stiffiiess 
except the stiffiiess of the 
joints. But, by putting 
braces he makes triangles, 
which cannot be pressed out 
of shape without being broken. 




the uae of a brace? Let the teacher proyide twigs or lamp* 
lighten for the illustration of section six. 
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CHAPTER XIII. 

PARALLBLOGBAMS. 

1. When a quadrangle has its opposite ^Am 
parallel it is called a parallelogram. So thai 
4here are in every parallelogram two sets of par- 
allel sides. 

2. The opposite angles of a parallelogram are 
^quBl, If this figure is a parallelogram, so that 




A B is parallel to b c, and D c parallel to a b, thm, 
the angle at d is equal to the angle at B, and tii9 
angle at a is equal to that at o. 

8. A diagonal divides a parallelogram into t^ifD 
equal triangles. If you could turn the trian^ 
ABO round, so as to put the point b exactly on 
tlie point J), and the line B c upon the line d a, 
then the line B A would lie upon the line D o, and 
one triangle would exactly cover the other. You 
can try this by cutting a parallelogram of paper^ 

What is ft parallelogram 7 How many sets of parallel sides 
in a parallelogram 7 How many sets of equal angles 7 Which 
angles of a paraUelogram are equal 7 Let the clafti draw pa]>> 
illelograms on the blackboard, and show which anglei art 
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and cutting it in two diagonally. But jou must 
be very careful to have the opposite sides exactly 
parallel. 

4. And this shows you that in every parallel- 
ogram the opposite sides are equal. In the figure, 
A D is equal to B o, and A b to D o. If the 
opposite sides of a quadrangle are parallel, they 
are equal. 

5. And if a quadrangle has its opposite sides 
equal, they are also parallel. If I should find a 
quadrangle such as this figure, and, by measuring, 




find that A d and B c are just equal, and also that 
A B and D c are equal to each other, I should know 
that these equal lines are parallel. 

6. When a quadrangle is squeezed flatter with- 
out altering the length of its sides, it alters the 
size, as well as the shape, of the quadrangle. The 
quadrangle will be largest when the opposite an- 
gles, added together, are equal to two right angles. 

equal? Draw a diagonal in your parallelogram. How does 
it diyide the figure ? How can you teU whether a figure is a 
parallelogram ? How must I lay four sticks of unequal length 
on the floor so as to enclose the largest space T How must I 

4^ 
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In this figure, At 
angles B and d added 
together would be 
more than two right 
angles. We oould^ 
^ then, make the quad* 

rangle larger, without altering the length of ifti 
aides, by drawing b and d apart, and crowding ▲ 
and c together, until the two angles, b and n, 
added together, made two right anglea The 
angles a and c would, also, added together, ibem 
be equal to two right angles, and the quadrangle 
would be as large as we could make it withoul 
changing the length of the sides. 

7. When a parallelogram 
is put into its largest form, 
as the opposite angles ave 
always equal, and the two 
are equal to two right angles, each of the four 
angles will be a right angle. 
— — — - — ■ — ■ — ■ ■ ■ ' ■ —— "^p^** 

plaoe them when the sticks can be diyided into two couples oC 
equal length 7 Let the teacher show the child that there are 
ttoo different answers to the last question ; one a paraUelo- 
gram, the other not. And, giying a child four unequal stioka^ 
let him try how many quadrangles, all of the largest possibls 
nae, he can make. 
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CHAPTER XIV. 

RBOTAN GLE3 AKD SQUARES. 

1. When each an^e of a parallelogram is a 
right angle, the figure is called a rectangle. This 
is a very common figure in all sorts of things that 
men make. The panes of glass in the windows, 
and the windows themselves, the doors and the 
panels in them, the sides of the ro(»n, the leaves 
of books, sheets of paper, and many other things, 
are usually made in the shape of rectangles. But 
in the things that were not made by men there 
are very few rectangles; they are scarcely to 
be found even in crystals; coarse salt and iron 
pyrites * being the only common things in which 
the Creator has ^sed the rectangle. 

2. When all the sides of a rec- 
tangle are equal, the figure is called 
a square. And^ as the comers of a 
square are all right angles, so a 
light angle is sometimes called a 
square comer. 



What is the geometrical name of the figure of a pane of 
glass? Name all the objects you can think of which are rec- 
tangular in shape. What natural objects present the form of 
a rectangle? If you found a rectangular piece of stone or 



pyrnei. 
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jjiiiiiiiii|iiiiimin| 8. When carpentetB wish t( 



mark a right angle on ihei 
boards or timber, they use i 
simple tool, which I dare aa^ 

you have seen, and which is called a carpemtei;' 

square. 

4. But, in Geometry, the word square is col; 
used to mean a rectangle with equal sides. 

5. I suppose you know the way in which ma 
measure how long a thing is, with a rule, or yard 
stick, or tape. They measure how many inches, o 
feet, or yards, or miles, it will take to stretd 
along by the side of the thing they are measuring 

6. Men measure surfaces, such as painting, o 
carpeting, or fields, by finding out how num] 
squares, whose sides are each one inch, or one fix>t 
or one yard, it will take to cover the surface whid 
they want to measure. When a carpet-dealer selli 
so many yards of oil-cloth or oil-carpeting, lu 
means that the carpet could be cut in such a waj 
as to make just that number of squares, one yarc 
on a side. When a man says that there are cm 
many feet of land in his door-yard, he means thai 
it would take just that number of square pieces o( 
paper, one foot on a side, to cover his yard. 



iron, would you easily believe that men had not cut it into ihm 
shape ? What is a carpenter's square ? What is a square oop. 
ner 7 What is the geometrical meaning of the word square 1 
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7. It is very easy for anj one that knows the 
multiplication table, to measure 9. rectangle. For 
the number of square inches, 
or yards, in a rectangle is 
found by multiplying the 
number of inches, or yards, 
in the breadth by the num- 
ber in the width, and this will give the numoer of 
squares in the rectangle. 

If you have learned to count, you will see by 
this figure that a rectangle four feet wide and 
seven feet long, could be divided into twenty-eight 
squares, each being a foot on a side. We can 
divide it into seven rows, of four square feet in a 
row, or into four rows, seven square feet in a row. 

8. When we wish to measure a parallelogram 
that is not a rectangle, we havie only to multiply 
the length by the breadth ; because every parallel- 
ogram is exactly the same size as a rectangle, of 
the same length and breadth, would be. 

Tou see in the figure that the rectangle A b c d 
is of the same length and breadth as the parallel- 



How do men measure the length of things 7 What db they 
mean by saying a hundred feet of land ? How do they find 
put the number of square ^t or square inches in a rectangle 7 
In a parallelogram? Let the teacher copy the last figure 
on the blackboard, and ask the children how, if the rectangle 
•nd parallelogram were made of paper, thej could cut the 
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ogramAByi. 
And thejan 
of exactly 11m 
same Biae. if 
you cat tb 
triangle OAl 
off one end of the rectangle and place it at the 
other end, it will just cover the triangle B D f. 

9. When I say that we multiply the length of a 
parallelogram by its breadth in order to find itB 
measure, I mean, of course, that we must multipij 
the number of inches in the length by the numr 
ber of inches in the breadth in order to find 11m 
number of square inches, that is, squares an wA 
on a side, that it would take to cover the paraUel- 
ogram. Numbers are the only things that can be 
multiplied. 



CHAPTER XV. 

TBIANGLES AND RECTANGLES. 

ERT triangle may be imagined 
Hologram. K we had a triangl 



reotangle to make it coyer the parallebgram, and how thff 
parallelogram to make it cover the rectangle. 
How do men measure triangles? How do thej 
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A s parallel to 
B F, and F B 
parallel to B A, 
and that would 
make a paral- 
lelogram just twice as large as the triangle. 

2. And thus we may find the measure of a tri- 
angle ; that is, we maj find how many squares of 
<me inch on a side, or of one foot on a side, it 
would take to cover the triangle exactly. We 
need only multiply any one side of the triangle 
by the distance to a parallel line drawn through 
the opposite vertex. This will give us the measure 
of a parallelogram, and half of that will give us 
the size of the triangle. 

8. In this way men measure surfeces of every 
shape, by dividing them into triangles, and then 
finding out how large each tri- 
angle is. Tou may draw upon 
your slates figures of any num- 
ber of straight sides, and then 
divide them into triangles by 
drawing diagonals. You can 
divide the same figure into different sets of tri- 
angles by drawing different diagonals. 




«ikwr fiur&oee thui parallelograms 7 How long ago did P)^ 
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4. In eveiy right triangle the sqnave made Oft 

the side opposite the r^g^ 
angle is just as large as tin^ 
squares on the other tw^ 
sides, put together. I^ is. 
mj figure, the triangle AH e 
has a right angle at o, ihft 
square on the side A b will 
be just as large as the square 
on A c added to the squam 

on GB. 

5. The side of a right triangle opposite the 
right angle is called the hypotenuse, and the other 
sides are called the legs. So that what I have 
already told you may be repeated in different 
words. The square on the hypotenuse is equUh 
alent to the sum of the squares on the legs. 
This is called the Pythagorean proposition, be- 
cause it was found out by a geometer, who lived 
more than two thousand years ago, whose name 
was Pythagoras. 

6. This Pythagorean* proposition gives us a 
good way of trying whether an angle is a right 
angle. If the sum of the squares on two sides of 
a triangle is just equal to the square on the third 
side, we may know that the angle opposite tliie 
third side is a right angle. 

thftgoras Uyo 7 What did he disooYer about right trianjlinT 

* Pythagore'aa. 
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No^, a squttre is a rectangle as broad as it is 
bbg ; so that, to find how large the square on a 
leg would be, we need only multiply the number 
of inches ip the length of the leg by itself K 
joroL should measure the sides of a triangle, and 
find that one side was three inches, and another 
t&fHat inches, and the third five inches ; then, if you 
know the multiplication table, you would know 
that the squares on the sides would be nine 
inches, and sixteen inches, and tirenty-five inches. 
Moreover, if you add nine to sixteen, it makes 
twenty-fiye. So that, in a triangle whose sides 
are three, four and five inches, the side of five 
inches is a hypotenuse, and the opposite angle a 
right angle. 

7. K you understand die last section, you will 
also understand how the Pythagorean proposition, 
that the square on the hypotenuse is equivalent 
to the sum of the squares on the legs^ is very 
useful to carpenters and other perscms who widh 
to make square work. Suppose you were making 
a frame of a house, and wanted the timbers A b 
send A c to make a right angle at A. Tou might 
measure tiiree feet from a to b, and ftur feet 



How can you teU whether a triangle is a right triangle? How 
4o carpenters make the comer of a firame square 7 How do • 

5 
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from A to 0, and then 
alter the angle at A, bj 
moying one of the tim- 
bers until a sj^ck of fi?e 
feet long would just reach 
from c to B. Instead d 
three, four and five, for large frames, thej take 
six, eight and ten feet. 

8. Another use that carpepters make of the 
Pythagorean proposition is, in cutting braces for 
frames. They measure the same number of feet 

fr<Hn A to B and from A to c; 
and then for the brace, B 0, 
they measure just as many 
times seventeen inches as 
there are feet in A b. This 
makes the brace a very little 
too long; because a square 
on seventeen inches is a 
Tery little more than twice as large as a square 
foot. But carpenters like the brace to be a 
very little xtoo long, because hammering the tim- 
bers together makes the brace indent the tim- 
bers a little ; and, if the brace were not a very 
little too long at first, it would be a little too short 




they out braces for square comers 7 How large is a sqnave 
built on the cUagonal of a square 7 How large is a sqaavs 
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after it had indented the timbers ; and that would 
make A less than a right angle. 

9. The square on the diagonal of a 
square is just twice as large as that 
square. This you will see in the fig- 
ure marked A. 

A square with its corners in the 
middle of the sides of another 
square is just half as large as that 
square. This you will see in the 
figure marked b. 

If we fancy a square cut into four 
right triangles by two diagonals (as at 
c), we can fancy each little triangle 
turned over on its own little hypote- 
nuse, which will make the figure at b a square just 
twice as large as that at c. 

You may take a square piece of paper, as at B, 
fold each comer over to the centre of the square, 
as at G, then unfold it again, as at b, and I think 
this will make you understand this section. 




whose comers are in the middle of the sides of another 
square? Let the children draw right triangles and squares 
npon the sides, and tell the relative size of the squares accord- 
ing to the Pythagorean proposition. The teacher should 
require this proposition, as written in italics, to be committed 
to memory, as it is the most useful proposition in the fifteen 
ehaptera 
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CHAPTER XVI. 

CIRCLES. 

1. We have had fifteen chapters about strai^ 
lines, and about figures bounded by straight lines. 
I think, therefore, that jou will be glad to learn a 
little about curves. 

2. A curve is, as I have told you, a line that 
bends in every part of it, but has no sharp comen. 

If a boy were wheeling a barrow 
in a large, level field, just after 
a light snow, the middle of the 

track of his wheel would be a line that you could 

easily follow with your eye. 

K the boy went all the time in the same direo* 

tion, he would make a straight line ; but if ho 

kept turning a little all the while to the right or 

left, he would make a curve. 

3. K the boy kept on all the time turning in 
the same direction, just as fast as he began to 
turn, the track of the wheel would come round 

What is a cunred line? What is a straight line? How 
could you mark a straight line with the wheel of a wheelbar- 
row 7 How would you mark out a curve with the wheel 7 If 
ft line bends equally in every part, how long can it be 7 (Only 
long enough to return into its own beginning.) What is • 
curve called that has no ends, and bends equally in eyeiy 
part 7 But, if it bends equally in every part, and yet has two 
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flito itself, and make what is called y^ "\ 
thfe circumference of a circle. ^ j \ 

curve that bends equally in every I • | 

part is called a circumference ; and V / 

a figure bounded by a circumfer- \v_„^-/ 
ence is called a circle. 

4. Parts of a circumference are 
called arcs. The word arc used to 
mean a bow; and bows are shaped 
something like an arc. 

6. K there was a tree in the middle of a field, 
and the boy should keep all the time at the same 
distance from the tree, he would come round to the 
place he started from, and the track of his wheel 
would bend equally in every part. He would, in 
fact, go round in the circumference of a circle. 

6. You will see, in the figure of a circle in sec- 
tion three, a dot in the middle. It shows the 
place where we suppose the tree to stand. And 
in every circle there is a point in the middle, 
equally distant from every part of the circum- 
ference. This point is called the centre of the 
circle. It is not always marked by a dot, but the 

ends, wliat is it called 7 When I swing the door on its hinges, 
ill what corre does the end of the latch move 7 Where is the 
centre of the arc 7 When a stone hangs by a thread, and 
•wings backward and forward oyer a straight line on the floor, 

6* 
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place is always there whether it is marked or 
not. 

7. A straight line drawn from 
the centre of a circle to its circum- 
ference is called a radius. All the 
radii of the same circle are equal 
In this figure there are three radii 
marked by black lines. 

8. We can fancy a circle made by a radius 
swinging all round a centre. And you may draw 
very nice circles by holding, with one hand, a 
thread fast to one spot on your slat^, or black- 
board, while, with 
your other hand, 
you hold the other 
end of the string 
and your pencil 
together, and draw 
a circumference, 
keeping the string stretched. You can also draw 
them with one hand, by resting your little finger 
on the centre of the circle, and being careful to 




what curve does the stone move in 7 Where is the centre of 
the arc? What line does the thread mark out 7 Let the teacher 
actually open and shut the door, and swing a plumb, while 
asking these questions. Keep the child constantly in the habit 
of seeing the perfect geometrical forms suggested by the ma» 
terial appearances. Let them d^aw circles, and their radii, 
the board. % 
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keep the end of your crayon always at the same 
distance from it. This way only answers for the 
blackboard. 



CHAPTER XVII. 

MORE ABOUT CIRCLES. 

1. Rectangles and circles are the most com- 
mon figures in all manufactured things. They 
are the easiest figures to make exact, and the most 
convenient when made. You have already noticed 
how common rectangles are in what men make. 
Circles are almost as common. Buttons and door- 
knobs, plates, pans and wheels, are circular. But 
in natural things, — in things made by the great 
Creator,— circles are much more common than 
rectangles. The sun, the moon and stars, the 
buds of many flowers, the eyes of animals, and 
some little animals themselves, are nearly in the 
shape of a circle. 

2. To draw circles, men have 
what is called a pair of compasses, 
that open and shut like a pair of 
tongs. They put one point down 
on the paper hard enough to hold it 




What is the figure of a cent ? What other things can you 
IfiU me of in the shape of a eircle? Is the circle or the re& 
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Btill in the centre of the circle, and then moYO tie 
other leg round lightly, just bearing on hard 
enough to mark the circumference. The circle 
will be larger or smaller, as the compasses aio 
opened wider, or are more nearly shut. 

You can make a pair of compasses, to draw cir- 
cles on the ground, by putting one small nail 

through two bits of shingle, and 
whittling the ends to a point. The 
old Greeks, of Pythagoras' time, 
and afterwards, used to study and 
teach Geometry with the help of 
figures drawn on smoothly-spread 
sand. 

3. To make things circular-shape, men some- 
times draw a circle first, with compasses, and then 
cut the thing to that shape. But generally they 
use a diflferent method. They use a tuming>lathe, 
or something that works on the same plan. In a 
turning-lathe a block of wood or piece of iron is 
made to turn steadily round on a steel point that 
marks the centre, while the chisel, that cuts the 
wood or iron, is held steadily at the same distance 

tangle oftcner found in natural objects 7 What instrument do 
men have to draw circles with 7 How can you make a sort of 
oompasees 7 What did the old Greeks use for a blackboard and 
chalk ? Did you ever see a turning-lathe 7 A potter's wheel T 
H. tinman at work cutting out round pieces 7 How did he oat 
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from the steel point, so that the wood or iron that 
is too far from the centre is cut off as it. goes past 
the chisel. On a potter's wheel a lump of clay n 
made to turn round, while its centre remains in 
one place ; and thus the potter makes the crockery 
round. The bottom of tinned pans is cut out by 
a sort of scissors that is fastened at the right dis- 
tance from a point around which the piece of 
tinned plate is made to turn. 

Sometimes boys make 
a circle of leather, for a 
plaything. Put an awl 
through a bit of leather 
into a board ; then stick 
a sharp knife through the leather into the board, 
slanting, with the cutting-edge down ; the blade at 
right angles to a line joining it to the awl. Now 
pull the leather round the awl, under the knife, 
and you will cut out a circle. Put a strong string 
through the awl-hole in the leather, with a large 
knot at the end of it, and you will have a curious 
toy. Wet the leather and press it under your foot 
upon a fiat stone, and you can lift the stone by the 
string. But be careful not to swing the stone 

them 7 Bid you ever see a blacksmith bend a wagon-tire 7 
Why does passing the tire through the three roUers make a 
circle of it 7 How does a cooper make a hoop round 7 Let the 
teacher draw a circle with radius, cord, and diameter, and 
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about ; for nobody has a right to put other pe<qil0 
in danger. 

All these ways of making a circle are somewhat 
alike. But there is another way, — to bend wire, oar 
things of the kind, equally at every part ThuS) 
the blacksmith passes an iron bar between three 
rollers, that bend each part of the tire equally, and 
thus bring it into a circular form for a wagon-tire. 

4. A straight line joining the 
ends of an arc, is called a chord. 
Any straight line going across 
Ic a circle, having both ends in the 
circumference, is a chord. All 
^ the lines marked A o and B C, in 
this figure, are chords. 

5. The longest chord that we 
can have is the one that goes 
through the centre of the circle. 
It is called the diameter, and is 
just twice the length of a ra- 
dius. 

6. If we divide a circumference into six equal 
9rcs, the chord of each arc is just as long as a 
radius. So that, if you draw a circle on the 

ask what the name of each line is. What is the longest chord 
we can have 7 If we divide the whole circumference into six 
equal arcs, how long is the chord of each arc 7 How can yov 
show it with a pair of compasses 7 





ground with your shingle com- 
passes, you will find, if you are 
careful neither to open nor close 
your compasses, that they will 
step round the circumference in 
exactly six steps. 




CHAPTER XVIII. 

MEASUKINa AN0LK5. 

1. If the vertex of a right angle is at the cen- 
tre of a circle, the lines forming the angle cut off 
one quarter of the circumference, whether the 
circle is large or small. 
with any angle whose vertex 
is at the centre of a circle ; 
its sides always cut off just j 
that part of a circumference 
which the angle is of four 
right angles. If it takes eig 
of these little angles to make one right angle, it 
will take eight of the little arcs to make a quarter 
of a circumference, whether on a large or small 
circle. 

Hav man; degrees of ara make a qnarter of a large oir- 
vamferonce I How many degrees make a qoarter of a Bmall 
uTcumfeceDoe T If yaa puC the Tertei of a right angle at the 
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If WO want to tell how large an angle is, we 
tell what part of a circumference it would cut off 
if its vertex were at the centre. 

2. And, in order that we may easily tell the 
parts of a circumference, we fancy every circum- 
ference as divided into quarters, and then each of 
these quarters divided into ninety equal parts, 
which are called degrees of arc. So that we tell 
how large an angle is by telling how many of 
these degrees would be cut off between its sides if 
its vertex were at the centre of a circle. 

3. If the vertex of a right angle is placed at 
the centre of a circle, its sides cut off a whole 
quarter circumference, and the right angle is, 
therefore, sometimes called an angle of ninety 

degrees. Half a 
right angle, like 
the angles of an 
* isosceles right tri- 

angle, is called an angle of forty-five degrees. 

4. As each right angle is an angle of ninety 
degrees, two right angles together will make an 
angle of twice ninety, that is, of one hundred and 
eighty degrees. 

centre of a circle, how many degrees of arc will its sides out 
off 7 If an angle is an angle of forty-five degrees, what part 
of a right angle is it ? Have you ever studied Arithmetic 7 
Do you know how much nine times ten make 7 Three times 
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5. You may take any point in a straight 
line, as the point c in the line A b, and 
fancy the line as making an angle of one 
hundred and eighty degrees with itself at 
that point. An angle is the difference of 
direction of two lines. Now you cannot 
tell whether I moved my pen from A to B, 
or firom B to A ; and so, if you like, you 
may fency that 1 moved it from A to c, and 
then from b to c ; that . is, you may fancy 
the line meeting itself at c; that is, going in 
opposite directions on each side of c; that is, 
making an angle of two right angles at c ; that is, 
the line makes an angle of one hundred and eighty 
degrees with itself at c. 

6. You remember, I hope, that the three angles 
of a triangle taken together are equivalent to two 
right angles. We can now say the same thing in 
other words ; we may say that the sum of the 
three angles of a triangle is one hundred and 
eighty degrees. 

7. In an equilateral triangle, you remember 



thirty 7 How many angles of 10° must be put together tG 
make a right angle ? How many degrees in one third of a 
right angle? What angle does a straight line make with 
itself 7 How many degrees do the three angles of a triangle 
added together make 7 How many degrees in each angle of 
an equilateral triangle 7 

6 
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that the three angles are equal to each 
other. Each of them is then an angle 
of sixty degrees, because three tiniea 
sixty is one hundred and eighty. 




CHAPTER XIX. 

CHORDS. 

1. If, instead of putting the vertex of an angle 
at the centre of a circle, we put it in the circumfer- 
ence, it will take in an arc just twice as large as 
it would with its vertex in the centre. 

2. If one angle haa its ver- 
tex at the caitre (rf a circle, 
as at G in the figure, and 
another has ita vertex in the 
circumference, as at A, and if 
B 1^ the sides of both these angles 

go through the circumference at the same places, 
D and B, then one angle is just half as large as the 
other. The angle at A is only half as large aa 
that at G. 



An angle, with its vertex at the centre, is measured- by the 
arc between its sides. How is the angle measured when its 
v^^'ftex ja. in the circumference? How is an angle between two 
' >' Is naeasured, when the vertex is in the circumference T 
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ti. We can Baj the same thing in other words. 
Xwo chords starting from the same point, a, in 
the circumference of a circle, make an angle of 
just half as many degrees as there are in the arc 
D B between their other ends. The arc d b is not 
drawn at all ; but you can easily fancy it there. 

4. Now the arc d b woiild be of the same 
length, wherever the point a were placed, and 
that will make you understand the next figure. 

5. All the uiglea that can be 
drawn in one arc, t^at is, with 
their vertices in the arc, and < 
their sides going through the j 
ends of the arc, are of the sa 
size. The angles at c, c, <s, c, 
are all four equal to each other. 

£ach one is measured by half the arc that ia not 
drawn between A and B. 

6. This gives you _ 

a curious way of /'y^^TX 

drawing an arc of a 

circle. Drive two ^' " 

pins in a board, as ^ X^ 

at A and B, and tiien '■^^ 

Obd ftnj of the oUbs draw a Sgure, and explun hon a mm 
in a railroad is laid ont I Caa ;an show how an aro may ba 
4n«n bj a card and two pios T When ths card baa a squara 
«anur, bow Uig« is the aro 7 Caa any one with a ruler nai 
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move a bit of card, with straight edges, in such a 
way as to keep the comer thrust, as far as it will 
go, between the pins. The corner c will move in 
the arc of a circle. 

7. If equal angles have their vertices at the 

same point in the cir- 
cumference, they will 
cut off equal arcs. 
That is, if the angles 
at A are all equal to 
each other, the arcs 
at B, B, B, are equal 
to each other. 

This is the way in which railroads are laid out 
in curves. The engineer measures equal angles 
from one point, as A, and equal chords, as at B, B, B, 
and then the rails are laid to go round as arcs to 
those chords. 

8. There are several other ways of drawing cir- 
cles without using compasses. I will tell you one 
more, which you will find very useful if you ever 
want to lay out curved paths in a garden, or do 
anything of that kind. Take a straight stick. 



a piece of chalk show a way of staking out a circular garden- 
path 7 (Use the ruler for the stick of section eighth, and 
chalk dots for stakes.) Can you tell me how to try whether 
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A E B, and didye into ithe ground 

two stakes, one at a, and the other 

at D, making A n about half the 

length of the stick. Keeping one 

end of the stick at a, move the 

other end round until the middle, e, 

is as far from D as you think best to put it. Then 

drive a stake at B. Now put one end of the stick 

at D, and let the middle, e, be just as far from the 

stake B as it was before from d. Drive a new 

stake at the other end of the stick. Thus you can 

go on, driviDg stakes as far as you wish to go. 

The size of the circle will be made greater by 

making the distance d e smaller. 

9. If the arc A c b is just 
half a circle, then the other 
arc A B is a half-circle, and 
the angle a c b is measured by 
half a half-circle, and is a right 
angle. If the corner of the 
card in section six of this chap- 
ter is a square comer, then the arc will be a half- 
circumference. 

10. If, in the last figure, A CB is a right angle. 




ao angle is a right angle without using the Pythagorean prop- 
ortion ? Invite the scholar to draw a figure and explain. If 
he cannot, draw it for him, and show, with shingle compasses, 

6* 
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A B mil be a diameter, and the middle of it, d, 
will be the centre of the circle, and will be just as 
far from c as it is from A or b. 

This gives us a very pretty way of trying 
whether an angle is a right angle or not. If I 
want to know whether A c b is a right angle, I 
will draw any line A b across it ; and, if half A B 
will just reach from the middle of A b to c, we 
may know that c is a right angle. If it does not 
reach, c is less than a right angle ; if it more than 
reaches, c is more than a right angle. 



CHAPTER XX. 

CHORDS AND TANGENTS. 

1. When two chords do not touch each other, 
the angle between them is measured by half the 

difference of the arcs between 
them. The angle made by the 
chords A b and c d is measured 
1(3 by half the difference between 
,_, the arcs A D and B c. That is 
to say, the angle between A b 
and G D is half as large as the 

if you have no other, how to divide the hypotenuse and apply 
the test of section ten. 
When two chords do not touch each other, how is the angle 
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difference of the two angles at e, a e d and 

CEB. 

2. We may imagine the chords lengthened into 
straight lines going outside the circle until they 
meet; and it will 
not alter the size 
of the angle. So 
that the angle ACB 
is measured by half 
the difference of the arcs between its sides, wher- 
ever we place the circle. 

3. If, in the last figure, we move the circle 
back until the circumference touches the vertex c, 
then the smaller arc has become of no size at all, 
and the difference between it and the large arc is 
equal to the whole of the large arc. Then the 
angle is measured by half the large arc, which is 
just the same thing that you learned in the last 
chapter. 

4. If we take 
the circle farthest 
from the vertex 
in the last figure, 
and lift it up till 
it just touches the 




measared 7 Can you draw a figure on the blackboard, and 
explain this more fiiUy 7 When two straight lines go through 
A circle and meet outside the circle, how is the angle between 
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line A G, at the point p, as in this figure, then Ahi 
larger arc meets the smaller arc just at D. 

5. The line a c is mw called a tangent Tan- 
gent means a toucher ; and the line A c just toucbes 
the circumference without cutting it. 

6. If now we move the line b c without chang- 
ing its direction, until it stands in the place of 
E D, the small arc has become nothing ; so that 
the angle A d e is measured by half the arc 
between its sides. 

7. In other words, the angle 
between a chord and a tangent 
at one end of the chord is meas- 
ured by half the arc between 
them. That is to say, it is half 
as large as the angle made by two radii to the ends 
of the chord. 

8. When the chord is a diameter, the angle is 
measured by half of half the circle ; that is, the 
angle is a right angle. A tangent at the end of a 
diameter must always be at right angles to th^ 



them measured? Can you draw a figure, and explain that? 
What is meant by a tangent to a circle 7 How is the angle 
between a chord and a tangent measured 7 Draw on the board 
a circle with a chord, and a tangent at the end of it. Draw 
radii to the ends of the chord. Show me which two angles in 
that figure should be the one just double the other. What is 
the angle made by a diameter with a tangent at the end of it ? 
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diameter. And you will easily see tiiat it mtist 
be so with a radius. A tangent at the end of a 
radius is at right angles to the radius. 

9. There can be tangents to other curves as well 
as to circles. A straight line that just touches 
a curve ; or, if the curve winds, a straight line 
going through a point in a curve in the same 
direction as the curve at that point, is called a 
tangent to the curve. 



CHAPTER XXI. 

MORE ABOUT CHORDS AND TANGBNTS. 

1. When two chords 
cross each other, the an- 
gle they make is meas- 
ured by half the sum of 
the arcs between their 
ends. That is, if two 
straight lines cross each 
Other inside of a circle, their angle is measured by 



By a radios with a tangent at the end of it ? What is a tan*- 
gent to any curve? 

How do you measure the angle of two chords that cross each 
•thcr ? How is it when the chords are diameters ? If a chord 
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half the sum of the arcs between them ; if lh( f 
cross outside the circle, the angle is measured bj 
half the difference of the arcs. 

2. When the chords are both diameters, the arcs 
are equal, and half the sum is just one arc ; so 

that the angle is measured 
by one arc ; and that, you 
know, is the first thing 
that you learned about the 
measure of an angle, — that 
an angle, with its vertex in the centre, is measured 
by the arc between its sides. 

8. Arcs are parts of circumferences. Parts of 
other curves are called arcs of those curves ; and 
straight lines joining the ends of those arcs are 
called chords of those arcs. When we speak of an 
arc, we mean a piece of a circle ; and if we wish 
to speak of a piece of an ellipse, we call it an arc 
of an ellipse. You will learn what an ellipse is, 
after a while. 

4. In every arc of any curve there must be 
at least one place at which the tangent is parallel 
to the chord of that arc. Now turn back to chap- 

of an arc or any kind of curve be moved, keeping it parallel 
to its first position, until it cuts oflf no arc, what does the chord 
become 7 If I go to a place exactly north from me, and yet at 
no part of my journey travel north, what must have been triM 
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ter m., section fourth, 
and you will find that 
what I have now told 
you is just the same as 
that, only in different language. 

6. If the chord of any arc of any curve be 
moved, keeping it parallel to its first position, it 
will cut oflf either a longer or else a shorter arc 
If moved one way, it cuts oflf a longer arc ; if 
moved the other way. it cuts oflf a shorter arc. If 
moved so as to cut oflf a shorter arc, we can move 
it so far, keeping it still parallel to its first posi- 
tion, that it will cut oflf no arc at all, but be 
tangent to the curve at that point where the curve 
goes in the same direction as the chord. You can 
easily perform this process of moving a chord, and 
keeping it parallel to itself, by drawing any curve 
you choose on fbur slate, and moving a stretched 
thread across it. 

6. Let us now go back to circles. If a radius 
be drawn through the middle of a chord, it will be 



of my road? (I must have turned a comer in it.) If I travel 
oyer a winding road without comers, and find myself at night 
in a place just east of my starting, what do you know of the 
direction of my road 7 (It must have gone east at some point 
of the way.) What can you tell me about the radius that 
passes through the middle of a chord ? What of a straiglit 
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at right angles to the chord, and H 
will end at the middle of the arc 
Let us suppose that, in this figure, 
^the radius c D goes through the 
middle of the chord a b. Then, 1 
say that the angles at e will be 

right angles, and the arc A D will be equal to the 

arc D B. 

7. On the other hand, if we draw a straight 
line, through the middle of a chord, at right 
angles to the chord, it will pass through the centre 
of the circle. 

8. This gives you an easy way to find the centre 
of a circle when you have an arc of the circle. 

^<^~^'^ You have only to draw two 

^.^----r^*'''^^:^ chords not parallel to each 

U other (the larger the angle 

h they make the letter), and then 

draw lines through the middle 

of each chord at right angles to the chord. As 

both these lines pass through the centre of the 

circle, the centre must be at the point where the 

lines cross each other. 

9. If you can get a card, such as business men 



line at right angles to a chord, through the middle of it 7 If 
you find an arc drawn on the blackboard, how can you find 
the centre of it 7 
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liave advertisements printed on, you can use the 
longer side as a ruler by which to make a straight 
line ; and, by setting the short side carefully on 
this line, you can draw, by the long side, a line at 
right angles io your first one. You can probably 
find an old printed card by asking for it, and it 
will serve as a ruler and square. Then you can 
draw short arcs by your eye, and find the centres 
by section eight. 




CHAPTER XXII. 

INSCRIBED POLYaONS. 

1. When a tripngle has 
its vertices in a circumfer- 
ence, it is said to be in- 
scribed in the circle. In 
other words, when the sides 
of a triangle are chords in a 
circle, the triangle is said to be inscribed in the 
circle, a b c is an inscribed polygon. 

2. If we want to put a circle round a triangle, 
80 that the triangle shall be inscribed in the circle, 
we can easily do it by remembering that the sides 

What 18 meant by an insoribed triangle ?. Where do yon say 
that the yertices of an insoribed triangle are ? What are the 
irides f If you find a triangle ready drawn, how can you find 

7 
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of the triangle will be chords in the cqrqle, an j a$ 
we can find the centre of the circle, to put one leg 
of our compasses at, by section eight of the b^ 
chapter. We have onlj to draw lines at right 

angles to the middle pf 
two sides of tjie triu^ 
gle, and the point wh^ 
these lines cross, «t o, 
will be the penile i^ # 
circle, whose circumfer" 
ence will pass through the three vertices of the 
triangle. Try this with triangles drawn on the 
ground, and you will then find that, by putting 
one foot of your shingle compass at c, you can 
draw a circumference through #ie vertices. 

8. K, on the other hand, we wish to inscribe a 
circle in the triangle, so that each side of the tri- 

'^ angle shall be tangent 
to the circle, we must 
draw lines dividing 
two of the angles of 
the triangle into halves, and the point where these 
lines cross each other will be the centre of the 
circle. 

■■'■ ' ^— ^— ^^■^^» I ■■ ■■■1^ ^ ■ I ■ ■^■i—— — M^— ^— W^— ^— ^^^»^a 

the centre of a circle whose circumference will pass throagb 
the yertioesT How wiU you find the centre of a oirole t& 
which the Bides of the triangle will be tangent? What if 
meant by i^ circle insoribed in i^ tnaagle? How caa yov 





9B0IIBXRY« 75 

4. But you do not know, perhaps, how to divide 
an angle into halyes. Suppose, then, that cab 
is the angle you wish to 
divide. Measure A b 
and A G of equal lengths. 
Put one foot g( a pair 
of compasses at b, and with the other foot scratch 
A little arc near what you think is the middle of 
the angle. Now put one foot at c, and, with your 
compasses open exactly as wide as before, make 
another arc crossing the first. A straight line 
from A through the points where the arcs cross 
will divide the angle into two equal parts. 

5. The largest triangle that can be inscribed in 
a circle is an equilateral triangle. So that there 
are two kinds of triangles in which the equilateral 
triangle is largest; namely, the isoperimetrical, 
and those inscribed in one circle. 

6. You remember, I hope, that the radius of a 
circle is the chord of a sixth part of the circum- 
ference. K you draw an arc long 
enough to draw a chord of the 
flame length as a radii^s, and then" v / \y 
draw radii to the ends of this >^— ?-^ 
chord, you will make an equilateral, and, there- 

diyide an angle into halves 7 Let the pupils iUustrate as they 
recite, by drawings on the blackboard. What is the largest 
triangle that can be put in a giyen oircle ; that 10, in a cirol« 
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foiB, eqtdangular triangle. Each angle will be 
one third of two right angles ; because the three 
are equal to each other, and the three together are 
equal to two right angles. If three of them would 
be equal to two right angles, six would be equal to 
four right angles. And so the corners of six such 
triangles would fill up all the space about the 
centre of a circle, and the six chords would just 
go round the circle. 

7. K you wish to draw the largest triangle that 
you can in a circle, you must open your compasses 
just as wide as they would be to draw the circle, 
and then step six times round the circumference, 
marking the points where the feet of the compasses 
step. Then join every other one of these marks 
by three straight* lines, and they will make an 
inscribed equilateral triangle. 

8. Do you understand what I mean when I say 
that the radius is equal to the chord of sixty 
degrees? 



that you find already drawn 7 How long is the chord of sixty 
degrees? What part of a circamfbrence is sixty degrees f 
How do you draw an equilateral triangle in a oirole? 
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CHAPTER XXIII. 

MORE ABOUT INSCRIBED POLTGONS. 

1. Any figure bounded bj straight lines is a 
polygon; and, if its vertices are in a circumfer- 
ence, it is an inscribed polygon. 

2. A polygon of three sides is called a triangle ; 
of four sides a quadrangle ; of five sides a pentar 
gon ; of six sides a hexagon. 

3. Any polygon of more than three sides can 
have its angles altered without altering the length 
of its sides. You remember, I hope, how we illus- 
trated this, when we were study- 
ing quadrangles, by a bent twig, 
or by a bent lamp-lighter. If the 
twig is bent into the form of a triangle, and its 
ends held together, it cannot be altered in shape. 
But, if in the form of any other polygon, you can 
flatten or stretch it into diflferent shapes, which will 
not only be isoperimetrical, but will have the sides 
unchanged. 

4. When a quadrangle is put into the largest 

What is a polygon ? An inscribed polygon ? A polygon of 
three sides ? Of four sides 7 Of five sides ? Of six sides 7 
Suppose that a man measures how long the sides of his field 
are, will that tell him how large the field is 7 How can you 
fhow that it will not, by a bent twig 7 But suppose his field 

7* 




form it can have without altering its side3; it can 
be inscribed in a circle. 

6. Yoa can put a circle about any triangle you 
please ; but the triangle is the only polygon that 
can always be inscribed in a circle. 

6. When a quadrangle is inscribed in a circre', 
the sum of either two opposite angles is equat to 
two right angles. You remember that I haye 
already told you that an angle with the vertex in 

a circumference is measured 
by half the arc between its 
sides. But the arc between 
the sides of one angle, in tlm 
quadrangle, added to the arc 
between the sides of the op- 
posite angle, makes up tHe 
whole circumference, and the sum of the angles is 
measured by half the sum of the arcs ; that is, fcy 
half a circumference ; that is, by one hundred 
and eighty degrees ; that is, the sum is two rigEt 
angles. 



has only three sides 7 Suppose it has four sides, what anglM 
must they make to have his field the largest possible 7 When 
a quadrangle is in its largest form, what can you say fll)but 
its vertices? Suppose you wish to lay seven sticki>f on tUe 
floor so as to enclose the most space you can, how will you lay 
them ? Suppose you take seven other sticks more nearly equal 
in length, but whose lengths added together make just as 
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T Any polygon whatever, when It is insmbed 
in a circle, is in the largest form that it can be? 
put without altering the length 
of the sides. K you had some 
sticks of different lengths that 
you wished to lay down as a 
play-fence upon the ground, you 
could male the largest field of 
them by laying them in such a position that the 
ends of the sticks shall all be in the circumferenofe" 
of One circle. 

8. When two isoperimetrical polygons, of the 
same number of sides, are inscribed in circles, that 
polygon is largest which has its sides most nearly 
equal. Thus, 
if the inscribed 
pentagons a 
and B were iso- 
perimetrical, A 
would be the 
larger, because its sides are equal, although b would 
be in the larg^ circle. 





mucli as the first seyen, witli' which Bet can you enclose mosf 
space on the floor 7 If five children take hold of £k long loop 
of string, each taking bold with one hand, how must they 
stand 80 as to make the opening in the loop largest 7 If a 
uxth child comes in and takes hold, will they make the loopi 
larger or smaller 7 Suppose, now, that each child takes hold 
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9. And, therefore, of all isoperimetrical poly- 
gons of the same number of sides, that one is the 
largest which has its sides exactly equal, and 
which can be inscribed in a circle. 

10. When a polygon with equal sides can be 
inscribed in a circle, it is called a regular 'polygon. 
Not only are its sides equal to each other, but its 
angles also are equal to each other. An equilateral 
triangle is a regular triangle, and a square is a 
regular quadrangle. 

11. A regular polygon is larger than any iso- 
perimetrical polygon of the same number of sides. 
This is just what I told you in the ninth section. 

12. Of two isoperimetrical regular polygons^ 
, that is greater which has the greater number of 

sides. That is to say^ a square is greater than 
its isoperimetrical equilateral triangle ; a regular 
pentagon greater than its isoperimetrical square ; 
and so on. 

13. Suppose you wish to enclose some land in 
the middle of a great field, with sixty panels of 
fence. K the fence was put into a square form, 
fifteen panels on a side, it would enclose more than 
if put into a triangle with twenty panels on a side ^ 

with both hands 7 What is meant by a regular polygon 7 Two 
isoperimetrical polygons 7 What is the largest of isoperimetri- 
eal polygons of the same number of sides 7 What is the 
largest of isoperimetrical regular polygons 7 Of all isoperi^ 
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it would enclose still more if put round a regular 
pentagon, twelve panels on a side ; still more as a 
hexagon ten panels on a side ; and most of all if 
put in a regular polygon of sixty sides, one panel 
on a side. 

14. We can fancy a circle to be a regular poly- 
gon, with more sides than can be counted, and each 
side too short to be seen. So that, of all isoperi- 
metrical figureSj the circle is the very largest. 
Sixty rods of stone wall could not be put into any 
shape and enclose so much land as if it were put in 
a circle. 



CHAPTEE XXIV. 

ItdW MUCH FUBXHER IS IT BOUHd) A HOOP THA9 

AOBOSS IT 7 

1. EvEBTBODt knows that it is about three 
times as &r round a circle as it is across it. But, 
if you measure how far it is across your hoop, you 
will find that a string of three times that length 
will not qtdte go around it. 

liicirical figares which is largest 7 Snppoiie you iKsh to malie 
a sinng, lying on the floor, enclose as much space on the fiodr 
iii you can, h«^ wHl yon arrange it 7 
How much further is it round a oirole than aoroBS it 7 What 
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And now the rest of this chapter will be too 
hard for children that have not learned a little 
Arithmetic. If you have not learned how to 
multiply and divide, you will have to go to chap- 
ter XXVI., without understanding much about this 
chapter and the next. Still, I think you will do 
well to study these chapters, and learn what you 
can out of them, even if you do not know how to 
cipher. 

2. The circumference of a circle and its diame- 
ter are nearly in the same proportion as the num- 
bers 22 and 7. So, if you measure across the 
hoop, and take a string three and one seventh 
times that length, you will find it just go round 
the hoop. 

3. If the diameter of a circle is seven inches, 
the circumference will lack only a hairbreadth of 
twenty-two inches ; if the diameter is seven feet> 
the circumference will not lack the breadth of your 
slate-pencil of being twenty-two feet. Now ask 
some one to show you a circle about seven inches 
in diameter, such as a breakfast-plate ; and a cir- 



is the most common and roughest answer to this question t 
(8 times.) What is a more exact answer? (2^) How 
nearly would this give the circumference of a circle as large ah 
a plate ? How nearly the circumference of a large cistern T 
What still more exact answer can you give? (8'1416.) Can 
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cle seven feet in diameter, such as a great hoop 
that a man can walk through with his hat on. 
You can then judge how nearly the circumference 
and diameter are in the same proportion as the' 
numbers twenty-two and seven. 

4. Nobody knows, and nobody ever can know, 
exactly how many times further it is round a circle 
than across it. It is very often true in Geometry 
that we cannot express by figures the lengths of 
two lines. There are no two numbers in the same 
proportion as the side and diagonal of a square. 
Nobody can tell exactly how many times longer 
the diagonal is than the side of the square. And 
in like manner there are no two numbers in the 
same proportion to each other as the circumfer- 
ence and diameter of a circle. * 

6. But we very often want to speak of this pro- 
portion, and we want to have some short name for 
it. Geometers have generally agreed to call it pi ; 
which is the name of the Greek letter »for p, and 
it is written n. 

6. I have told you that n is nearly twenty-two 

the answer be exactly given in figures 7 What Greek letter is 
used to express the exact proportion of a circumference to a 
diameter 7 

If there are pupils in the class who have studied arithmetic, 
let them answer such questions as the 'following, using twenty- 
two sevenths in the head, or 3.1416 on the slate. The simplest 
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Beyenthfl. And, in almost eyerj question about 
circles that jou will want to answer, this is exact 
enough. It is nearlj enough exact for workm^ 
to work by in making tinn^ ware, or anything in 
which the diameter is less than large wash-tubs. 

7. So, if you know what the diameter of a cir- 
cle is, and want to find out how long the circum- 
ference is, you must multiply the diameter by 
twenty-two, and divide the product by seven. If 
you know what the circumference is, and want to 
find out what the diameter is, you must multiply 
the circumference by seven, and divide the product 
by twenty-two. 

8. But, perhaps, you will at some time wish to 
be more exact, and then it will be better to use a 
decimal fiction. Perhaps you have not learned 
decimals yet ; but, after you have learned them, 
you may want to use a better value of n, and you 
can then turn back to this page, and find that n is 
very nearly equal to 3 1416. 



and best way of reading deoimal fractions is simply to say 
" decimal one four one six." 

What is the diameter of a hoop 44 inches in ciroumferenoe 7 
What is the circumference of a hoop 21 inches in diameter? 
14? 8-5? 10-6? 17-6? 11? 
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CHAPTER XXV. 

BOW TO HBASUBB THB SIZB 07 A CIUCLJi. 

1. I HAVE told you that men measure sui&ces 
by squall. Thej find out, if thej can, how many 
flquares it would take to cover the surbces, if the 
Aide of each square was just one inch, or one foot, 
or one yard. I have told you, also, that we can 
easily find out how many such squares it takes to 
cover a large square ; that is, we can find the 
measure of a square by multiplying the number 
of inches, feet or yards, on a side, by itself; that 
is, l)y the same number. 

.2. Now, if you draw a square 
with its sides tangent to a circle, 
ihe isides of this square will be 
each equal to the diameter of the 
circle. The measure of such a 
square is found, then, by multi- 
plying the length of the diame- 
ter by itself And the measure of the circle can 
be found by multiplying the measure of the square 
by one quarter of it. 

Jt the elaAs have not Btudied any arithmetie, this chapter 
fBOst be omitted until a review. 

. How do men measure surfaces 7 How do you find the meas- 
ure of a square? How do you measure a circle? Let the 

8 
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8. Since tt is a little more than three, the circle 
is a little more than three quarters of the square. 
If, for example, the diameter of a circle is six 
inches, the square that will just enclose it contains 
six times six, or thirty-six square inches ; and the 
circle contains a little more than three quarters oi 
this. Three quarters of thirty-six is twcnty-seren; 
%nd, adding a little more, would make it about 
twenty-eight inches. 

4. If you wish to be more exact, you must mul- 
tiply the thirty-six square inches by one quarter 
of twenty-two sevenths ; that is, by eleven four- 
teenths. Or, in other words, we must multiply 
thirty-six by eleven, and divide by fourteen, which 
will give us about twenty-eight and one half 
square inches for the size of a circle six inches in 
diameter. 

5. And, to be very exact in finding the size 
of a circle, you must multiply the diameter by 
itself, and then by the decimal -7854, which is one 
quarter of 3 1416. 

6. Circles are larger or smaller in the same 
proportion as the squares built on their diameters. 



teacher draw a square, and ask. What figure is this 7 In- 
scribe a circle, and ask, What figure is this 7 How large a 
part of the square does it enclose 7 (|). More exactly? 
^1^) Still more exactly 7 (-7854.) By what part of n 
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And something like this is true of all sorts of 
surfaces. Two similar surfaces are always in pro- 
portion to the squares of similar lines in those 
surfaces. If we have two polygons of the same 
shape, they are of a size proportioned to the 
squares on their corresponding sides or diagonals. 
If a side in one is twice as long as a corresponding 
side in the other, then one polygon is four times 
the size of the other, because twice two are four. 
If one side were three times as long as the corre- 
sponding side in the oAer polygon, one polygon 
would be nine times as large as the other, because 
three times three are nine. 

7. I am so anxious that you should remember 
this, that I will tell it to you again in other words. 
All similar surfaces are in proportion to the 
squares of corresponding lines ; so that we may 
find the proportion between the surfaces by multi- 
plying the number that expresses the proportion 
between the lines by itself 

Suppose two dogs were of exactly the same 
shape, but that one was twice as high as the other. 
Then its tail would be twice as long as the other's, 



most you multiply the square in order to find the measure 
of the circle 7 How many square inches in a circle five inches 
!n diameter. Suppose a little man, just one foot high, and a 
man six feet high, how much more cloth will it take to clothe 
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its ears wotild be twice as long, its eyes twice al 
wide apart ; and whatever line yoa chose to meas^ 
ore in one, it woald be twice as l<Mig as the same 
line in the other. But its skin would be fimr 
times as large, the sor&ce o( its eye would be fiydr 
times as large, it woald take /oar times as mwSk 
leather to make boots for it, or foar times as mxm 
lather to shave it ; that is, whatever sarfiioe jod 
measored on the one dog, you woald find it fiyar 
times as large as the same sor&ce on the other. 

O Suppose that we had a 

fbot-ball ten laches in diann 
/^eter, and a little batting' 
^^ ball two inches in diameter. 
The diameter of the foot-ball 
woald be five times as much 
as that of the batting-ball, and it woold take 
twenty-five times as much leather to cover ii, 
because five times five is twenty-five. 



one fhftn the other 7 Hew mxunh more yate to Itnll tie iidtjlh 
lagsT 
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CHAPTER XXVI. 

ABOUT CURVATURE. 

1. Suppose that our boy, wheeling his barrow 
over the light fallen snow, went winding about the 
field, making a curved track, 
which curved in some places 
more than in others. Let us 
suppose that he began as though he were going to 
make a large circle, but kept turning shorter and 
shorter, and ended when he was turning, as though 
he would make a very little circle. Then we 
should say that his track had, at first, a large 
radius of curvature, but at the end had a small 
radius of curvature. 

2. Let us suppose that the boy was tied, by a 
long rope, to the trunk of a large tree ; and that, 
as he went round and round the tree, the rope 
wound up upon the tree-trunk, shorter and shorter, 
and drew the boy nearer and nearer to the tree. 
Then the rope would be the radius of curvature of 
the boy's path. 

8. Hold a spool of thread still, on your slate, 
and let it be the trunk of the tree. Then tie 



What is the name of a carve that bends equally in every 
part 7 How would you draw such a curve upon the black- 
board? If I unwrap a thread from a spool, holding the spool 

8* 




the ^id of jour slate-pencil to 
the end of the thread, and, by 
keeping the thread tight as yoa 
unwind it, you may draw a 
track like that of the boy'0 
wheelbarrow. The thread that is unwound wSk 
be the radius of curvature of this mark. The 
radius of curvature will be very short whew 
the pencil is close to the spool, and grow longeir 
as you unwrap the thread. It will be different 
for every point in the curve ; because you can- 
not move the pencil without either winding, or 
else unwinding, the thread. 

4. We call this thread the radius of curvature, 
because it is to the curve like a radius to the cif- 
cle. We call it the radius of curvature^ because 
it shows us how much a curve curves or h&oM, 
When the radius of curvature is diort, the curVe 
bends very much ; and when the radius of curvai- 
ture is long, the curve bends less ; and so th«r 
radius of ourrature measures the bending or cuit- 
ature of the curve. 

6. If we draw a circle', with its centre at the 
point where the thread is just leaving the spoolj 



Btill, and keeping the thread tight, what sort of a curye shaU I 
draw? V^hat relation will the circumference of the spooi 
have to thus curve ? What shall we call the straight part of 
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tK^ is, wbere lite thread is tangent to the spool, 
and mfake tlie radius of the circle just equal to the 
thread that has been unwound, that is, equal to 
the radius of curvature, then that circle will ex- 
actly fit the curve at the point which the slate- 
pencil is then marking. So that the radius of 
curvature, at any point of a curve, is the radius 
of the circle that will exactly fit the curve at that 
point. 

6. Every curve can be imagined as made in a 
similar way, by unwrapping a string off from some 
Other curve ; and this other curve is called the 
evolute of the first curve. 

7. But the evolute of a circle is a point ; be- 
cause the string that makes a circumference must 
neither wind up nor unwind. 

8. The evolute of the boy's track is the circum- 
ference of the trunk of the tree ; and the evolute 
of the pencil-mark is the circumference of the 
spool. 

9. You may drive a row of pins into a soft pine 
board, making the row curved. Then tie one end 

the thread which runs between my hand and the spool 7 What 
does the radius of curvature measure 7 To what circle is the 
radius of currature a radius 7 How do we imagine all curves 
drawn 7 What is the evolute of a circle 7 Let the teacher 
proridei the board a&d pins to show the iUostration of seo- 
tiiiiBiiie. 
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of a thread to the foot of the last pin, and the 
other end of the thread to a lead-pencil near itB 
point. By keeping the string stretched, and sweep- 
ing it round so as to wrap up and unwrap upon 
the fence of pins, you may draw a curve whose 
evolute will be the row of pins. This pencil-mark, 
you will easily see, is made of little arcs of cir- 
cles, whose centres are the pins, and the length 
of thread from a pin to its little arc is the radios 
of curvature at that place. 



CHAPTER XXVII. 

ABOUT A WHEEL KOLLING. 

1. When a wagon is going upon a straight and 
level road, look at the head of a spike in the tire 
of one of the wheels, and you will see that it 




moves in beautiful curves, making a row of arches 
that is called a cycloid. 

Let the teacher take a tin cup, a ribbon-block, or something 
of the kind, and roll it carefully along the bottom of the black- 
board, watching and marking with chalk the path of a vpot 
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2. That is to say, a cycloid is the path of a 
point in the circumference of a circle rolling on a 
straight line. You can draw part of a cycloid by 
putting the point of your pencil into a little notch 
in the edge of a spool, and tying it fast, so that 
the point of the pencil shall be kept just at the 
edge of the spool ; and then rolling the spool care- 
fully and slowly against the inside of the frame of 
the slate. 

3. You will see, I think, that each arch in the 
cycloid must be just as high from c to D as the 
diameter of the circle that makes it ; and just as 
wide at the bottom, from A to b, as the whole cir- 
cumference of the circle. 

4. But you will have to study Geometry a good 
while, before you can prove the other interesting 
things which I am going to tell you. You can 
easily understand what I am going to tell you ; 
but you cannot understand how I know it, as you 
can what I told you in the last section. 

5. The length of the curve, a n b, in each arch 



on the side. Then ask. What is the name of this curve 7 What 
is the height of the arch, compared with the cup, with which 
I drew it T What is the breadth of the arch at the bottom T 
What is the length of the curre of the arch T What is the 
•pace inclosed between the arch and the bottom of the board 7 
(still comparing with the cup.) Let the teacher inscribe a 
eixde, of the size of the cup, and ask. Are these horns larger 



H 
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of a cjcloid, is just four time^ t)ie )^eij|^ of tha 
arcb ; that is, four times the diametier of tb^ 9if9lp 
that made the cycloid. 

6. The whole space that is euclosied betwoefi thp 
arch of the cjcloid and the straight line on whijoh 

it staads, is just 
three times as 
large as the ejr- 
cle that made the 
cycloid. So, when 
a circle is in- 
scribed fatetween 
the arch and the line, the curious three-cornered 
figures on each side of the circle are each exHC\lj 
as large as the circle itself 

7. Now, if you have studied Arithmetic, you 
will understand that, if a wheel is three feet ill 
diameter, the head of a spike in the tire trayelfl 
just twelve feet from where it leaves the groim^ 
until it touches the ground again. The spots wher 
it touches the earth will be nine feet and three se^ 
enths of a foot apart. And the space between i 




or 0maUer than the circle? Suppose that your hoop ht 
fpot on one side of it, in what curve will the spot move w 
the hoop is rolling straight forward 7 How high wiU i 
from the ground 7 (Diameter of hoop.) How far apart 
the places be where it comes to the ground 7 How far 'wi7 
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fB&i and the groand will be three tiiaes eleven 
fourteenths of nin^ square feet ; that is, twenty- 
QDe square feet and three fourteenths of a square 
loot 



CHAPTER XXVIII. 

MORE ABOUT A ROLLING WHEEL. 

1. The head of a spike in the tire of a rolUng 
wheel is moving, at each instant, 8bt right angles 
to a line joining it to the bottom of the wheel. 

2. That i9 to say, if a straight li^e is drawn 
from the bottom of the roUiug whoel to the head 
^ the spik^, 2^A if «|* tangent to the cycloid is 
drawn through the head of the spikp, this straight 
line will be at right angles \o tl^is tangent. 

3. And this straight lii^^ is (d^^tly half of the 
XfwUus of curva- 
ture of that point 
in the cycloid. So 
that, at the top of 
an arch of the cy- 
cloid the ra4iu3 
of curvature wiU 




0pot travel in going from one place to the next T (Four timei 
ctiameter of hoop.)- 

Which of you can tell me what a cycloid is T If you draw a 
Hne at right angles to a cycloid, where will it pass T (Through 
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be twice the diameter of the circle, and as yoa go 
down the arch the radius o£ curvatare will be 
shorter and shorter, until just at the foot of die 
arch the radius of curvature will be of no length 
at all. 

4. The evolute of a cycloid is a cycloid of ex- 
actly the same size. That is to say, if we* should 

&sten a string in 
the point between 
two arches of a 
cycloid, just long 
enough to wrap on the curve up to the middle of 
the arches, its end, as it wrapped and unwrapped, 
would move in a cycloid exactly like that to which 
it was fastened. 

5. K a cycloid be 
turned upside down, and 
we &ncy the inside of 
it to be very exceedingly 
slippery, then there are 
two curious things about it. 





the point where the cirole making the oyoloid touched the line 
on which it rolled when making that place in the cycloid.) The 
radius of curvature is at right angles to a curve — what part of 
the radius of a cycloid is cut off by a straight line joining the ftet 
of the arch T (One half) How long is the radius of the cycloid 
at the top of the arch? How long at the bottom T What is 
the evolute of a cycloid? Explain what you mean t^ this? 
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n I want to slide anything from A down to B, 
there is no curve, nor straight line, down which a 
thing would slide so quickly as down the cycloid. 
If a hill was hollowed out in that shape, sleds 
would run down it faster than they could down 
any other shaped hill of the same height and the 
same breadth at the bottom. 

6. The second curious thing about sliding on 
the inside of a cycloid is. that it takes always 
exactly the same time to slide tx) the bottom, how- 
ever high up or low down you start If A, in the 
last figure, is the top of such a hill, and c the 
lowest point, it will take a sled exactly as long to 
go from B to c, as to go from A to c. But this, 
you must remember, is only when we imagine the 
hill and the runners of the sleds to be, both of 
them, perfectly slippery ; so that there shall be no 
rubbing. In that case, if the road from A to o 
was two miles long, it would only take a sled 
twenty-eight seconds to come down the whole 
length. And, if it starts from any other place on 



Sappose two wires going from the north-east corner of the 
ceiling to the south-west comer of the floor, one wire straight, 
the other a part of a cycloid, down which wire would anything 
slide the more quickly 7 ■ Suppose one wire went from the 
north-east comer of the ceiling to the south-west comer of the 
ceiling, hanging down in the form of a whole arch of a cycloid, 
hnw much longer would it take anything to slide from the odl- 

9 



tfie rood, say from b, it nill still take tventy- 
eight seooDdfl to get to c. 

7. If the road from a to c is half % mile hog^ 
% ded will come down in fourteen seconds. 

8. If a board is sawed out in the form of a 
cycloid, and a little gutter made on the inside of 
the curve, you can try tfiis by holding two mv 
bles, say one at a and the other at D, and letting 
go of them at the same instant They will meet 
exactly at c, one coming the whole way a c, whik 
the other is coming the short distance D a. 




CHAPTER XXIX. 

WHEELS BOLLINQ BOUND A WHEEL. 

1. When one circle. rolls around 

another, instead of rolling on a 

straight line, any point in the cir- 

\f y cumference of the rolling circle 

(\ J\ travels in a curve called an epicy- 

^^ ^ cloid.* You can draw an epicycloid 



faig to the lowest part of the wire, than it woald take fbr it to 
slide from a plaoe one fbot from the middle T (No longer.) 
The teacher should endeavor to obtain (from the prodeatkl 
oommittee) the board described in section eight 
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hj rolling Gainfully the spool (with a pencil tied 
to it) around some round thing held still on your 
tlate. 

2. Set B, lamp on a table in one comer of the 
room, and, in the farthest corner of the room, on a 
table of nearly the same height, set a bright tin 
cup, or a glass tumbler, nearly full of milk. On 
the surface of the milk you will see a bright curve 
ohaped like the inner line in this 
figure. It is an epicycloid ; such 
as would be made by a circle of 
one quarter the diameter of the 
cup rolling on a circle half the 
si^e of the cup. You can make 
it by daylight, by setting the cup of wlk In ti|e 
sunshine, early in the morning or late in the after* 
noon. 

3. Epicycloids will be of different shapes, accord- 
ing to the proportion which the two circles bear to 
each other. The smaller the rolling circle is in 
proportion to the other, the more nearly will an 
lurch of ihe epicycloid be like an arch of the 
cycloid. 

What is an epicycloid 7 How does it differ from a cycloid * 
fM tbfi teacher draw an einoycloid as direotwl in seetion o«9» 
fnd teach the children to do so. Haye any of you seen the 
cow's foot in a cup of milk T What }a iikfi geometrical name 
of this carve 7 What most be the proportion between the oir* 
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4. The evolate of an epicycloid is a stxuJIef 
epicycloid of the same shape ; and the evolute of 
that evolute must be a still smaller epicycloid. So 
that we may fancy epicycloids packed one within 
another like pill-boxes. 

6. The epicycloid of section second is sometimes 
called by children the cow's foot in a cup of milk. 

The figure in the margin repre- 
sents this epicycloid with its nest 
of evolutes packed one within 
the other. K a string is &st- 
ened at the point where the 
arches of the epicycloid oome 
together, and is just long enough to wrap round to 
the middle of the arch, then, as it unwraps, the 
end will move in a larger epicycloid of exactly the 
same shape. 

®6. When the circles are of the 
same size, the epicycloid will have 
but one arch. The ends of the arch 
will come together at the same point 
The figure in the margin will show 
the shape of this epicycloid and its evolutes. 



dies to make this epioyoloid T What is the eYolute of anj epi- 
cycloid T When the oiroles are of the same size, what will bs 
the shape of the epioyoloid? 
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CHAPTER XXX. 

$F A WHEEL ROLLING ON THE INSIDE OF A 

HOOP. 

1. When a circle rolls on the 

inside of another circle, instead /^TT^!X 
of on the outside, the curve is / 1 » 

called a hypocycloid.* 

2. Suppose your slate-pencil were straight, so 
that it would lie flat on the slate, and make a mark 
M broad as the pencil is long. Then suppose you 

were to put your pencil across 
one corner of your slate like a 
hypotenuse, and slide first one 
end up to the corner, and then 
the other, keeping both ends all 
the time touching the slate- 
frame. You would make a 




white mark in the corner, of a curved three- 
cornered shape, like this figure. The curve inside 
would be a hypocycloid. 

8. If you take the comer of your slate for a 

What is a hypocycloid T Suppose I were \o draw a hundred 
right angles, patting the vertices of the right angles together, 
one exactly on another, making the hypotenuses of equal 
length, but having no two of them make the same angle with 
the legs, to what kind of a hypocycloid would all these hypote* 

* H]p98l'olAid. 

9* 



centre, and the length of your pencil for a radios, 
and draw a quarter of a circle, as I have done in 
the last figure ; if you then roll on the ifiside t>f 
this arc a circle whose diameter is one half the 
length of the pencil, it will make the sam^ hypo- 
cycloid. I have also drawn this circle in th^ 
figure. 

4. You can draw a hypocycloid by rolling the 
spool and the pencil on the inside of any little 
hoop held firmly on the slate. The rim of tk6 
cover of a large wooden pill-box will make a Hioe 
little hoop for this purpose. 

5. The evolute of a hypocycloid is a larger hy- 
pocycloid of the same shape on the outside ot it ; 
and the hypocycloid itself may be fancied as ''iihe 
evolute of a smaller hypocycloid within it ; so that 
hypocycloids, like epicycloids, are packed oine 
within the other, like nests of tubs or boxes. 

6. The hypocycloid that is 
made when the diameter of the 
rolling circle is one quarts af 
the diameter of the circle that 
it rolls in, can be made by 
sliding the hypotenuse ha6k- 

nuses be tangent 7 — that is, what is the proportion betweea 
the radii of the two circles ? Suppose a man draws the fiiet 
of a ladder away from the side of a house, letting the ladder • 
slip down the side of the htmse, to what ourye in the air will 
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wimJ^ tUjd foT^^xds on the legs of a right triangle. 
The hypotenuse must he kept of the same lengthy 
and it will always be a tangent to the hypocjcloid. 

7. This hypocycloid may be called 
a hypocycloid of four arches; be- 
cause, as you may see in the figure, 
both it and its evolutes have each 
four arches. 

8. If the diameter of the spool is nearly half 
that of the hoop, the pencil will moye across the 
hoop in a very flat curve, almost like a diameter 
(^ the hoop ; and the evolute at the ends of the 
carve will be almost like two parallel straight lines 
at right angles to the end of the diameter ; so Uiat 
the string unwrapping from the evolute will be 
very long. When the diameter of the spool is 
exactly half that 
of the hoop, the 
hypocycloid is a 
straight line ; and 
the evolute of it, 
if you can &ncy 
that there is any 

the ladder be all tke time a tangent 7 If the diameter of the 
rolling circle is one fifth Uiat of the other circle, how many 
ftrches will the hypocycloid have 7 If one fourth 7 If one 
third 7 Bat what does the hypocycloid become when the 
diameter of the rolling circle is one half that of the other t 
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evolate, is two parallel straight lines at right 
angles to its ends. 

9. K the diameter of the spool is more than 
half that of the hoop, it will make a hypocjcloid 
like that made bj a smaller spool. If jou have 
two spools, one of them as much wider than the 
radius of the hoop as the other is smaller, so that 
the hoop will just let the two spools stand in it 
side by side, then one spool will make exactly the 
same hypocycloid as the other. 

10. These two spools cannot, of course, be both 
rolling in the hoop at the same time ; but we can 
easily imagine two circles of the same size as the 
spools rolling in a circle as large as the hoop. 
Start the circles from the posi- 
tion in which I have drawn 
them to rolling in opposite di- 
rections, and if you roll the 
little circle faster than the 
large one, so as to make them 
get round the hoq) in the same time, the points in 
the two circles which are now touching will keep 
together all the time, making the same hypocy- 
cloid. 

How do the evolutes of a hypocjcloid dififer from those of an 
epicycloid 7 In what respect are they like them 7 What must 
be the size of two spools that they may make the same hypo* 
eycloid in the same hoop ? 
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CHAPTER XXXI. 



ABOUT A HANGING CHAIN. 






1. Whbn a chain 
hangs from two points 
not directly under each 
other, it makes a beau- 
tiful curve called a J ,„^x.Tf J 

catenary.* You must "'^^^--^^^^ - 

remember that, in order to have a perfect catenary, 
we must take a very fine chain, and then take only 
the middle line in it. 

2. Suppose we had four straight sticks joined 
together by the ends, so as to have a sort of chain 
of four links. Suppose the middle two were equal 
in length, and also that the end ones were equal to 
each other. Hang them by two 
pins on a level, as you see them in 
the figure, and notice exactly in 
what shape they hang. Now turn 
them upside down, keeping them in 
the same shape, as you see them in the next fig^ 
ore. They will exactly balance and stand like the 

What is the geometrical name of the curve made by a hang-, 
ing chain T If the yertices of a polygon were perfectly limber 
hinges, but the sides stiff, how should we place them to make 
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rafters of a double-pitched roof. If you set the 
sides more nearly perpendicular, the top will fall 

in ; crowding the sides apart until 
the point of the top gets lower than 
the top of the 
sides, and then 
pulling the sides 
together again till they touch 
at the top, and the two top pieces 
hang stmght down in the middle. But if, on the 
other hand, you lean the sides together more than 
they should be, they will fall together, crowding 
the top up, until the ends of the sides meet, and 
the top pieces stand straight up, or fall to one 
side togeUier. The four sticks, hinged together 
at the ends, will not stand, like an arch, unless 
they make the same angles with each other as 
they did when they were hanging like a chain. 

3. And if we had a 
chain made of a great 
many short, stiff pieces 
of wood or metal, hinged 
together by rivets, like 
the little chain inside a 



Ihem stand 93 an arch T Did you ever see a gambrel roof 7 
0ia you like the looks of it ? What shape do you think a 
gainbrel roof should have to look well 7 (That in which the 




okoBi:^!^. 



i^ 




Wfttch, ^^ t^ld make it stand xxp like an arch, if 
we could pat it exactly in the same form as iik 
kung; that is, in a 



catenary updide down. 

tf vre arch it up too 

steep and pointed, the 

sides will fall in; if 

we arch it too flat, the 

top will fall in. But 

itch it exactly as it hung, and it will stand. 

4. If we fasten one end 
of a chain to a post, and 
hang the other end by a 
thread from the top of a 
hi^ei* post, the weight 
of the chain will pull the 

tliread inward, as ia this figui-e. 

But suppose another thread, tied to the end of 

this chain, should pass over a little wheel, on a 

level with the end of the chain, as at c, having a 

piece of the same kind of chain hung to it at B. 

Then you can easily see that the weight of b 

would pull A out flatter, and make the thread haiig 

more nearly straight down by the side of the post; 




rafters would hang if inverted. ) If I draw a oateharj on the 
blackboard, and tell you how long the radius is at the bottom, 
ean you show me how to find the radius at any other part of 
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or, if B were long enough, and thus heavy enough, 
it would even draw the jbhread outward toward c. 

5. K the piece of chain marked b is just long 
enough to pull the end of a exactly under the top 
of the higher post, so as to make the thread hang 
exactly straight down, then b will be just as long 
as the radius of curvature of the catenary a at its 
lowest point. 

6. Let A, in the 
next figure, be the 
lowest point of any 
catenary, and c any 
other point in it 
you please. 

Draw a horizontal line, E d, making the distance 
A B equal to the radius of curvature at a. Now 
draw G D at right angles to the catenary at the 
point G, and G D will be exactly the same length as 
the radius of curvature at c. Draw a f parallel 
to G D, and the straight line E F will be just as 
long as the piece of chain a c. 

the chain 7 Can you show me how to find a straight line 
•qnal to any part of the catenary? 
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CHAPTER XXXII. 

THE PATH OF A STONE IN THE AIR. 

1. When a boy tosses up his ball in the air, 
the centre of the ball moves in a curve called a 
parabola. If jou toss up the ball on the west 
side of the house when the sun is setting, the 
shadow against the side of the house will also 
move in a parabola. 

2. K you hold a round ball in such a position 
that its upper edge is just as high above the table 
as the blaze of a lamp iS; then the edge of the 




shadow on the table will be a parabola. A dinner- 
plate will also make a parabola in the same 
manner. 

8. But remember that, to be an exact parabola, 
the ball must be perfectly round, as no ball can 

What is the geometrical name of the curve in which a baU 
moYes when tossed in the air 7 Which would make a more 
perfect parabola, a baU of lead or a baU of cork 7 (Of lead, 
because least impeded bj the air.) How must I hold a plate 

10 / 
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reall J be ; the table perfectly fiat, as no table can 
reallj be ; the blaze o( the lamp a single bright 
point, as no blaze of a lamp can be. It is easy to 
imagine exact figures, bat they can never be made. 
Ko line can be drawn so fine and true that a 
microscope would not find a breadth to it, or 
waving irregularities in it. 

4. The parabola is a very useful curve ; but it 
would be difficult to explain to children how it is 
used. I shall tell you of one use, before the end 
of this book. 

5. On a smooth board draw a straight liney 
such as B c. Near the middle of the line, as at A, 




drive a small pin. Put one edge of the square 
card against the pin, and one comer on the line 
B c, ^and draw a pencil-line along the edge of the 
card, beginning at the corn^ on B c, and going at 



80 th£tt the edge of its shadow shall be a parabola ? How can 
I draw a parabola with a straight edge and square 7 What is 
the vertex of a parabola ? How near the Tertez dees the 
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lagbt angles to the edge that is against the pin a. 
J)o this with the card in a great many different 
positions, only keeping the edge against the pin 
and the comer on b g, and jou will make a place 
on the hoard nearly black with pencil-marks, with 
a curved edge on the inside, around A, and the 
curve is a parabola. 

6. The point A, in the last figure, is called the 
jfix2us of the parabola. The point in the parabola 
nearest the focus is called the vertex of the para- 
I)ola. The line b c is a tangent at the vertex. 

7. Let c M be 
a psu-abola, and 
let A be its focus. 
Draw D E psural- 
lel to the tangent 
at the vertex, and 
as far from the 
vertex as the ver- 
tex is from the focus. This line d b is called the 
directrix of the parobola. 

8. Any point in the parabola is just as far from 
jbh/e focus aa from the directrix. That is to say, 
jt)^, if we take any point, as m, and draw a line 

fUr^trix pass? In what direction does the directrix of a par- 
aji^la lie 7 (Parallel to tangent at the vertex.) How can yom 
describe a parabola with reference to its ibcos and directrix X 
(^ tl|« ^s^^v iBopy iihp Sgtix% and, drawkig a tangent at the 
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M P at right angles to the directrix, and also a line 
M A, the two lines M p and M A will be of exactly 
equal length. 

9. A parabola may, therefore, be described as a 
curve, every part of which is equally distant from 
a point called the focus, and from a straight line 
called the directrix. 

10. The parabola at the point M makes exactly 
the same angle with the line m p that it does with 
the line M A. 

11. If H G is the radius of curvature at the 
point c, and G F is in the same straight line with 
H G, then F is just half as long as H G. That is 
to say, that a straight line drawn at right angles 
to any point in a parabola, and ending in the direc- 
trix, is just half as long as the radius of curvature 
at that point. 



CHAPTER XXXIII. 

THE SHADOW OF A BALL. 

1. Any curve that runs round into itself again 
encloses an oval. The word oval really means 

point H, ask, How does this tangent divide the angle a m p T 
How can yon tell the length of the radios of cnryatore at anj^ 
point of a parabola 7 
What is an oval? What la an ellipse? How ean 7011 draw 
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ejg-shaped ; but, in geometry, we ^^ 
use it for any figure bounded by ( \ 

<me curve line, without any sharp \^^ ) 

comer. 

2. The shadow of a round ball falling on a flat 
sorfiMse, when all the shadow can be seen, is either 
a circle or a particular kind of oval called an 
ellipse. The shadow of a round plate is also an 
ellipse, whenever the whole shadow can be seen on 
one flat sur&ce. 

8. You can draw an ellipse by 
driving two pins into a board, as 
at A and b in the figure, and 
^jig a string, as A M B, on^ end 
to each pin, then putting a 
pencil-point, as at M, inside the string, and stretch- 
ing it out, and moving it round. 

4. The points where the pins are placed are 
called the foci of the ellipse. Lines to the foci 
from any point in the ellipse, as at M, make equal 
angles with the tangent at that point. 

5. The nearer the foci are together, using the 
same string, a m b, the more nearly a circle does 



an eUipse with a string and two pins 7 What is the name of 
t)ie points where the pins are 7 What angles do the two parts 
of the string moke with that part of the ellipse where you? 
pencil is 7 (Equal angles.) What other oorYe is the end of 

10* 
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the ellipse become ; 80 that if the foci oame to*- 
gether, the ellipse would become a circle. 

6. The further apart the foci are the Icmger 
and narrower is the ellipse. When an ellipse ia 
very long, and very narrow in proportion to its 
length; each end of the ellipse becomes very muoh 
like a parabola. 

7. When an ellipse is very exceedingly longy. 
&e ends are so much like a parabola that eyeii 
geometers call them parabolas. We call the path 
of a ball tossed in the air a parabola, although in 
reality it is one end of a very long ellipse, nearly 
four thousand miles long, with one focus at the 
centre of the earth. But a real parabola is an 
ellipse so long that it has no other end at all ; it 
only has one end and one focus. 

8. The moon goes round the earth in an ellipse ; 
the earth goes round the sun in an ellipse. And, 
if you were to cut the earth, or sun, or moon, in 
two, with a straight cut, the cut surface wouW be 
either an ellipse or a circle, according to the direc- 
tion in which you cut it. If the earth is cut in 
two from east to west, the section is a circle ; if 



a very long ellipse like 7 Wlien the two foci of an ellipse are 
brought near together, what cnrve does the ellipse become 
like ? Can you explain how a carpenter draws an eHipse bj 
a " trammel and slots *' 7 Did yon ever notice an elbow in % 
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in any other directdoti, an ellipse ; for the earth 
is not perfectlj round. 

9. Carpenters sometimes draw ellipses bj means 
of a board with two narrow slits in it at right 
angles to each other. They have a ruler with two 
pins in it, as at A and B, 
and a pencil in the end, 
as at G ; and, by moving 
one pin in one slit, and / 
the other pin in the other 
fliit, the pencil c will 
move in an ellipse. 

10. If you cut a round stick off slanting with a 
sharp knife, at one cut, the cut end will be an 
ellipse. 




CHAPTER XXXIV. 



THE SHADOW OF A REEL. 




1. If a reel for winding thread, 
such as is represented in the fig- 
ure, be held steadily in such a 
position that its shadow from a lamp 



•tOTe-pipe 7 What is the shape of the seam around the elbow 
of the stoYe-pipe 7 
Did you eyer see a *' swift *' for winding yam? Did yon 
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will fall on a flat wall, and then 
set to reTolring, the sides of the 
aliadow will be curved, and die 
curve is called an hyperbola. 



>^ 




2. Suppose we have 
etriDga tied, at various 
places, on a horizontal 
wire, A B, fuid all drawn 
straight through one point, 
c. Cut them all off on a 
Ime parallel to a b. Let 

the strings, after being thns trimmed, hang straight 

down, and the ends will hang in a curve, as shown 

in this figure, and 

liiat curve will be an 

hyperbola. Thia will 

also be true if the 

strings are eat off 

exactly at the point 

0. 

3. If a rope is tied to a fixed point, say the 

hook A, and passes over a fixed pulley, as B, not 



erer see it standing stoadj □□ & table, and BpinntDg Mund 
Tsry &Bt 7 IMd ;ou notice that the aides looked cnrred T 
What curve was it 7 Sappose a tow of paliogs set in a Btraigbt 
line, the middle one the shortest, and the others Jast long 
euongh to reach (be top of the middle ODe, if the; nere leuisd 
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on a level with a, then 
a weight on a mova- 
ble pulley, c, will 
nx>ve, as you raise it 
by pulling the rope 
over B, in an hyper- 
bola. 

4. If we draw a 
circle round a centre, 
B, marking, also, some 

point outside the circle, as at A, and then make a 
dot at every point which we can find situated, like 
M, as fiur from the point A as from the circumfer- 





ence of the circle round b, these dots will all be 
in an hyperbola. 



against it with their bottoms standing where they now do ; 
what oarre would the top of suoh a row of palings make 7 
(Section two.) In what curye does a moTable pulley move, 
when the fixed pulley is not on a leyel with the fixed end of 
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6. Ton see, then, that ao hyperboU cw h^ 
&iicied as a parabola iritli a, circum&rence, ip^teiu) 
of a straight line, for a directrix. 

6. In the last figure the points a and 3 ve 
called the foci of the hyperbola. The curre is, at 
each point, as far from one focns as from the direc- 
trix circle drawn round the other. That is, M p ip 
of the same length as u a. 
„ ^ 7. If we hang light thread? 

to each link of a tmnging chain, 



such a9 Q N, and cut 

their loiver ends off 

on a level line, and 

then Btretch the chain out perfectly level, liio 

lower ends of the thread will arch up into an 

hyperbola. 

8. If a round ball bangs exactly under a lamp, 
over a level table, its shadow on the table will be a 
circle. But if the ball is moved to one aide, t^e 



the rope T How do a ptnlnla and an hTperbola compare with 
eoohotherf Honnutn; ToaibBS a parabolaf An hyperbidal 
Ciui ;ou tell hoir to make an hyperbola b; a chaiB and 
threads 7 Cud jon describe tow the BhadoT of a ball, or 
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lAadow becomes an ellipse. Now raise Ihe ball 
dowly, and the shadow will begin to move away 
firom the lamp. Bat one edge will move away 
much &ster than the other, so that the ellipse will 
grow longer and longer. And if we imagine the 
table to be so large that we cannot see the edges 
>f it, then, when the upper edge of the ball is just 
on a level with the lamp, the ellipse will be so 
long that it will have no other end, and the end 
nearest the lamp will be a parabola. If we raise 
the ball higher, the parabola becomes an hyper- 
bola. And when the ball is raised so high that 
its under side is as high as the lamp, the shadow 
will not touch the table at all. The parabola and 
hyperbola are made by the shadow of the lower 
side of the ball. 

9. K you take a plate instead of a ball, you can 
make all the shadows, circle, ellipse, parabola, and 
hyperbola, by a little pains-taking to hold the 
plate at the proper angle with the table for the 
circle and ellipse. For the parabola and hyper- 
bola less care is required ; only that for a parabola 
ihe upper edge of the plate must be just as high 

the light ; and for an hyperbola the plate must be 



plate, ID ay be made to grow from a circle into an hyperbola 7 
"What other two dunres does it become before becoming an 
liyperbola? 
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higher.' The shadow of the lower edge of the 
plate makes the parabola or hyperbola. 



CHAPTER XXXV. 

THE cow's FOOT IN A CUP OF MILK. 

1. I HAVE already told you how to make the 
bright curve called by children the cow's foot in a 
cup of milk. I have also told you how to draw a 
parabola by drawing lines tangent to it until all 
the paper outside the parabola is blackened by 
pencil-marks. I have also told you how to draw 
a hypocycloid, by putting a short ruler across one 
corner of your slate, keeping one end against the 
frame at the bottom, and the other end against the 
frame at the side, and drawing pencil-marks the 
whole length of the ruler on the side next the coi^ 
ner. The comer will become, by making the marks 
at a great many different angles with the fiume, 
whitened with pencil-marks, all tangent to an arch 
of a hypocycloid. 

These three curves are, in one respect, alike; 
they are made by drawing tangents to them. For 



How are curres drawn by drawing only straight lines? 
What 18 the geometrical name for all ourves made by reflected 
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the cow's foot is made by bright straight lines of 
reflected light, all tangent to an epicycloid. 

2. And whenever light is reflected from the 
inside of a polished curve, the reflected light 
makes a bright curve of some kind, just as the 
light reflected from the inside of a circle makes 
«n epicycloid. 

8. Curves made by reflected light are called 
oustics. The cow's foot in a cup is a caustic 
made by a circle. The caustic made by a circle is 
an epicycloid. 

4t, Suppose you had a table so arranged that the 
setting sun should shine over its surface. If on 
this table we should set narrow strips of tin on 
their edges, they would reflect the sun-light and 
make bri^t curves or caustics on the table. 

5. If the tin were bent into a half of a circle^ 
Ae caustic made by it wouM be, as you abeady 
know, an epicycloid such as would be made by 
one circle rolling on another of twice its diam- 
eter. 

6. If aaothiw strip were bent into the form of a 



li|^t7 What is the oanstio made by a oirole? What is the 
^lild's name for it 7 How oonld we arrange a table and make 
^jIMUtios with the cnrres? What is there peculiar about the 
flanalBC of a parabola 7 Of a cyoloid 7 Do you remember 
WhU paraUel lines are 7 Conoeotrio ooryes 7 What i» the 

11 
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parabola, and turned in such a direction that the 
sun-light fell at right angles to the directrix of the 
parabola, then the caustic, instead of being a curve, 
would be a single bright point at the focus of the 
parabola. 

7. If you bend another strip into an arch of a 
cycloid, and turn the straight line which joins the 

ends of the arch at 
right angles to the sun- 
light, the caustic will 
be two arches of a cy- 
cloid of just half the size, as shown in the figure. 

8. If the cycloid be turned round at right 
angles to its last position, so that the straight line 
joining the ends of the arch shall be parallel to 
the sun-light, the caustic will not be a cycloid, but 

^ ^''^^^^^^.^ ^^^ ^ curve con- 

/^ >v/\^ centric with a cy- 

y^^In the figure, A b 

^ represents the strip 

of tin in the form of a cycloid ; c is the point of 

the caustic, and D is one arch of the half-size 

cycloid with which the caustic is concentric. 



oanstio of a cycloid turned endwise to the light 7 What oauB- 
tic is always formed when the light falls perpendicular to any 
part of a corye 7 When the light M\a parallel to It 7 Let 
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9. Whateyer caryed form the tin may be bent 
into, the caustic will have some curious properties, 
whidi I will now tell you. 

Wherever the light &lls at right angles to the 
curyed tin, as at M, the caustic will be at the mid- 
dle of the radius of curvature, and m 
the radius of curvature will be tan- 
gent to the caustic, as the radius 
MB is tangent to the caustic c, just 
half way from m to d. And the 
ladius of curvature of the caustic 
at this place, c, will be just one *'~JB 
quarter of the radius of curvature of the evolute 
of the tin at M. K E is the radius of curvature 
of the evolute, then r, the radius of curvature of 
the caustic, will be parallel to e, and be one qua;r- 
ter as long as e. And both b and E will be at 
right angles to the radius M d. 

But wherever the sun-light falls as a tangent to 
the inside of the curved strip of tin, the caustic 
will also be a curve tangent 
to the inside of the tin, and ^f/^ 
its radius of curvature will 
be exactly three quarters ^ 
the radius of curvature of 



the teaolier copy the figures, and go oyer all the peculiar points 
of flection nine. What would be the oaustio Iformed by a lamp 



iho tin curve. Thus, if m K is » wrre ou the 
iinaide of wbioh the 0un-light falls parallel to the 
curve at m, then m o will be the oaustic, 9sA its 
radius, m q, will be exactly three quarters of m p, 
the radius of m N. 

10. All through this chapter oa caustics I have 
spoken onl j of those that are made yrhen the light 
is at a great distance from the polished tin. If we 
bring a lamp near the polished curve, the caustics 
made by this lamp-light will be very different. 

11. A lamp placed in the centre of a circle 
would not make a curved caustic, but all the light 
would be thrown back to one point, in the centre, 
where the lamp itself stood. 

12. A lamp placed in focus of an ellipse would 
not make a curved caustic, but all the light would 
be thrown to one point, the other focus of tiie 
ellipse. 

18. A lamp placed in the focus of a pami>ola 
would not make a curved caustic; but all the 
light would be thrown straight out in parallel 
lines perpendicular to the directrix of the paralh 
ola. For this reason men take polished n^eofe^ 
ors iu the shape of a paraboloid to place behind 

in the centre of a circle? In the focus of an ellipse? In the 
focus of a parabola? Did you ever notice the reflector in fhmt 
of a locomotive engine 7 What is it for T 
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hmpB when they want to throw out the light in 
Ode direction. They use such mirrors in light* 
houses, to throw the light out over the ocean ; and 
ihey use them in front of locomotive engines, to 
throw light straight forward on the track by night 



CHAPTER XXXVI. 

SOLID GEOMBTRY. 

1. All the figures which I have told you about 
are such as could be drawn on a flat sheet of paper. 
Before I finish my book I will tell you a little 
about a few solid bodies. 

2. Gut out of a 




stiff piece of paper 

six equal squares, as 

I have drawn them 

here; and then fold 

the paper, at each line where the squares join each 

other, to a right angle. You will thus make the 

six equal squares shut up a space like a box. 

8. This solid figure, bounded by six equal 
squares, is called a cube. 



What is the name of a solid bounded by six equal squares 7 
What is the difference between a yard of tape, a yard of oil- 
^th, and a yard of earth 7 — I mean between the three mean- 

11* 
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4. A cube is taken as the measure of all solids 
and fluids. A gallon, for instance, is two hundred 
and thirty-one cubic inches ; that is to say, by a 
gallon of water we mean water enough to fill two 
hundred and thirty-one little cubes, whose &ces 
are square inches. Or, for another instance, a 
cord of wood is one hundred and twenty-eight 
cubic feet ; that is, wood enough to make a pile as 
large as one hundred and twenty boxes, whose 
sides are each a square foot. 

5. You remember that the measure of a square 
is found by multiplying the length of a side by 
itself The measure of a cube is found by multi- 
plying the length of a side twice by itself. K I 
build a cube with a side of three inches, one fiice 
will have nine square inches in it, and the cube 
will be made up of three layers, each with nine 
cubic inches in it. So that the cube of three 
inches is three times three times three inches ; 
that is, twenty-seven inches. A cube of four 
inches would have sixteen square inches on a 
side, and consist of four layers of sixteen cubic 
inches each ; that is, the cube of four inches is 
sixty-four inches. 



ings of the word yard in those phrases 7 Do. you know how 
long a yard is ? Did you ever see a man two yards high 7 
Build an earthen pyramid as tall as such a man's head, and 
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6. Similar surfaces, you remember, are in 
proportion to the squares on corresponding lines. 
Similar solids are in proportion to the cubes on 
corresponding lines. 

7. And as you can find the proportion between 
two similar surfaces by multiplying the number 
that expresses the proportion between the lines 
by itself, so you can find the proportion between 
the solids by multiplying the number that ex- 
presses the proportion between the lines twice by 
itself. 

8. Let us suppose, for instance, a heap of earth 
BIX feet high, built in the shape of the great pyra- 
mid in Egypt, which is six hundred feet high. 
The pyramid would be one hundi*ed times as high 
as the heap of earth ; and, being of the same 
shape, would also be one hundred times as wide at 
the bottom. But the pyramid would cover a hun- 
dred hundred, that is, ten thousand times as much 
land as the heap of earth ; and it would be a liun- 
dred times ten thousand, that is to say, one million 
times, as large as the heap of earth. 



how much higher -woald the great pyramid of Egypt be ? How 
much larger ? What is the highest hill in this neighborhood ? 
How high is it 7 How many sach hills set one on top the other 
would it take to be as high as the White Hills ? Suppose Mount 
Washington were of the same shape as hill, how many 
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9. The highest mountains in the United States, 
east of the Mississippi river, are about ten times 
as high as the great pyramid ; and if one of them, 
one of the White Hills, for example, were cut into 
the same shape as the great pyramid, it would 
cover one hundred times as much land, and have 
one thousand times as much stone in it, as one of 
the pyramids. 

10. The highest mountains of Thibet are nearly 
five times as high as the White Hills of New 
Hampshire. If one of the highest mountains of 
Thibet were of the same shape as one of the White 
Hills, it would have twenty-five times as much 
land on its sides, and would cover twenty-five 
times as much space. And it would take one 
hundred and twenty-five mountains like the White 
Hills to make one of the Himalaya mountains. 

11. I wish you. to remember very carefully that 
when two things are of the same shape, all cor- 
responding lines are in the same proportion to 
each other ; all corresponding surfaces are in pro- 
portion to the squares on those lines ; and all cor- 
responding solids in proportion to the cubes on 
those lines. 



such hills would it take to build Mount Washington ? Sup- 
pose Gulliver to be twelve times as high as the Lilliputs, but 
shaped just like them, how many times larger would his nose 
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12. I wish you also to remember that, if the 
number expressing the proportion between the lines 
of two similar solids be multiplied by itself, the 
product will express the proportion between the cor- 
responding surfaces ; and, if it be again multiplied 
by itself, the product will express the proportion 
between the corresponding solidities. If the diam- 
eter of a foot-ball be five times that of a batting- 
ball, the surface of the fix)t-ball will be twenty- 
five times as much, and the size of the foot-ball 
will be one hundred and twenty-five times as much, 
as that of the other ball. 



CHAPTER XXXVII. 

CONIO BBCTIONS. 

1. You will very often hear or read about conic 
sections ; men began to study them more than two 
thousand years ago, and have not yet learned all the 
tiseful things that can be known about them. By 
iconic sections, we mean the circle, the ellipse, the 
parabola, and the hyperbola. I have told you a 
little about these curves ; enough, I hope, to make 

be than thdrs? How many times larger would his thumb- 
nail be ? How many times larger would lus finger be than 
tiieiist 
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you want to learn more ; and I will, in Urn tbap- 
ter, tell you why they are called c(»ic sectioDa. 

2. Cut out of pasteboard a figure bounded by 

an arc and two rad% 
9udb a» A B 0. Curve 

^y it up equally, iad join 
the ed^ A o to the 
X g' edge B €. It will Ihen 

enclose (on all sides but (me) a iqnoe; and the 
figure thus formed is called a right cone. 

3. Set a right cone up upon a pkne, and the 
arc A B will become a circle, such as J) b in the 

figure. K we fancy a 
post standing straight up 
in the centre of a cir- 
cle, and a longer straight 
pole tied by one end 
JUB to the top of the post, 

while the other end just reaches the circumference 
of the circle ; if we then fency this lower end car- 
ried around the circumference, the pole will mark 
out in the air the surface of a right cone. 

4. Cut a right Qoae in two by a plane parallel 




TV 



If a right triangle ooidd spin roimd on one leg, the other 
leg will describe a circle, and the hypothenuse will go round • 
iolid body in the ur ; now what is its geomeirical navie T 
How shall I cot a right cone so as to make the out swrfiM^ • 
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to ihe plane on which it aits, and the cnt sor&oe 
will be a circle. 

6. Cut a right cone 
in two bj a plane in- 
clined to the plane on 
which it stands, and the 
eat sur&ee will be an -A-* 
ellipse. 

^'Section" means a eat sur&ce, and <' conic '^ 
means belonging to a cone ; so that you can now 
understand why these curves are called ''conic 
secdons " ; it is because they can be made by cut- 
ting a cone. 

6. Cut the cone by 

a plane parallel to one 

side of the cone, and the 

cut surface will be a 

A.B parabola. 

7. Cut the cone by a plane 
maidng a smaller angle with ihe 
eentre-post than the sides do, and 
the cut sur&ce will be an hy- 
perbida. 

8. Now, if you will turn back and read chap- 
ter xxxiv., section eight, again carefully, you 
— ■ 

tktolo 7 An eUipse 7 A parabola 7 An hyperbola ? How can 
yoa maJce part of a cone in tbje air with a lamp and ball T 
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will see that the shadow of a ball is part of a 
cone in the air, with the vertex or point of the 
cone in the blaze of the lamp, and that the flat 
table is a plane that makes conic sections of the 
shadow. 

9. K you were to bend 
the pasteboard cone, so 
as to make d e some 
other shape than a cir- 
cle, the cone would no 
longer be a right cone. 
A right cone has a circle for its base, and the 
vertex of the . cone is directly over the c^itre of 
tlie base. 




CHAPTER XXXVIII. 

THE SPHERE. 

1. If a circle should spin round on one of its. 
diameters, the circumference would enclose a space 
called a sphere. 

2. Solid bodies in the shape of a sphere are 
called balls or globes. The marbles with which 

How can you show sections of such a cone 7 What is a right 
cone? 

What is the geometrical name for a perfectly round solid? 
What do we call a solid body that has the fbrm of the geomeU 
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boys play, are usually very 
p^ect globes. A soap- 
babble bbwn thin, and free ^ » Q 





firom any hanging drop of 
suds, floating in still air, is 
a very perfect sphere. 

3. Gut a sphere by any plane, and 
the cut surface will be a circle. 

4. When the plane goes directly 
through the centre of the sphere, the 

circle thus made is called a great circle of the 
sphere. All great circles in a sphere are of the 
same size as the circle which we imagined spinning 
to create the sphere. 

6. The diameter of the great circle is called the 
diameter of the sphere, and the radius of the great 
circle is called the radius of the sphere. 

6. The surface of the sphere is exactly four 
times the surface of a great circle. A ball three 
inches in diameter would take as much leather to 
cover it as would make four circles, each three 
inches in diameter; or one circle six inches in 
diameter. 



*ical soUd 7 What examples of balls or globes can you give 
me ? How must a circle move to haye it describe a sphere T 
What shape is the section of a sphere by a plane ? What is 
a great circle on a sphere 7 How large is the sor&ce of a sphere T 

12 
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7. You remember that the measure of a cixole 
is found bj multiplying the square of its diameter 
by one quarter of n. As the surface of the sphere 
is four times as great, it is found by multiplying 
the square of its diameter by n itself The surface 
of a ball three inches in diameter, for instance, 
will be nine square inches multiplied by tt. 

8. The solid measure of a sphere is found by 
multiplying the cube of the diameter by one sixth 
of 7t. The cube of the diameter will just enclose 
the sphere, and each of the six sides of the cube 
will be a tangent plane to the sphere. 

9. For roughly judging of circles and spheres 
we call n about three. That is to say, a circum- 
ference is a little more than three times the diam- 
eter ; a circle is a little more than three fourths of 
the square on the diameter ; and a sphere is a little 
more than half the cube on the diameter. 

10. To be more exact, we call n twenty-two 
sevenths. That is to say, a circumference is 
twenty-two sevenths of the diameter; a circle, 
eleven fourteenths of the square on the diameter ; 
and a sphere, eleven twenty-firsts of the cube ou 
the diameter. 

How large is the solidity of a sphere 7 What is the largest 
\KKly of all having the same surface 7 Into what shape must 
I pack anything to make it expose least surface 7 If you have 
studied any arithmetic, you may now tell me how to calculate 
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11. To be still more exact, we call n, 8'1416« 
Tbf^ id to say, to find the circumfereiice, multiply 
a diameter by 31416 ; to find the size <^ the cir- 
cle, multiply the diameter by itself, and then by 
*7854 ; and to find the contents of a sphere, multi- 
ply the diameter twice by itself, and then by 
•6236. 

12. As the circle is the largest of isoperimetri- 
cal figures, so the sphere is the largest of all bodies 
having the same amount of surface. If you roll a 
piece of putty into a round ball, it will have less 
Burfaqe than it could have in any other form. 

13. But I think I have made my book long 
Cfnough. I hope you have liked it, and I hope 
that at some time you will study more Geometry, 
and learn how to prove the truth of all I have told 
you. Tou will then find that there is a great deal 
to be learned about what men already know of 
Geometry, and that there is a great deal that is 
not known, at least by any man. Of course, the 
great Creator, who has made all things in number, 
weight and measure, knows everything. And the 
more we know, the more clearly we shall see how 
great is His knowledge, how wonderful his wisdom, 

roughly the circumference, the surface of a circle, the sur&oe 
of a sphere, and the solidity of a sphere, when you know the 
diameter. How shall we calculate the same more exactly T 
How stiU more exactly 7 Is there any more Geometry to bt 
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and how beautiful the maimer in which he has used 
what we call Geometry in the forms he has given 
to all things on the earth or in the sky. 

learned than what is taught in this book 7 Are there any new 
things yet to be disoovered in Geometry 7 Should you like to 
learn more about it when you grow older 7 



PRACnOAL QUESTIONS AND PROBLEMS FOR 
REVIEW BY TriE OLDER SCHOLARS. 



The chapters referred to may not always fttmish a direct 
answer or solution ; but they thII always suggest the true 
solution, which is not always to be reasoned out, but is to be 
sisen by the mind's eye. Similar questions can be multiplied 
indefinitely by a skilftil teacher. 



Ghapteb ni. — What is the best way of making a garden- 
path straight 7 How does a carpenter mark a long stnught 
line? How will you make a short straight line on paper t 
The railroad from my house to Boston is about nine miles 
long, the carriage-road about eight ; which is more nearly 
straight? In travelling the carriage-rood to Boston I cross 
the Fitchburg railroad only once. I am on the north side of it 
at starting ; when I get into Boston, on which side of me must 
I look for the depdt? But I cross the Worcester railroad 
twice ; on which dde of me shall I look ibr the depot of that 
road ? If Boston lies exactly east of my house, how can I 
manage to drive my horse there without having his head once 
turned exactly to the east? Can I do it without having either 
head or tail turned to the east 7 

12* 
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Chaftek iy. — Suppose a stnught stick is made to turn 
upon a pin thrust through the middle of it, which end will 
move the fkster ? (Neither.) Which end will alter its direc- 
tion most rapidly 7 If the pin is thrust into a straight line 
that will not move, such as a crack in the floor, which end of 
the stick will make the larger angle with the crack ? 

Chapter v. — If I hang two plamb-lines from the ceiling, 
fipom nails that are just one foot apart, how far apart will the 
lines be six feet below the ceiling T 

Chapter yi. — In a triangle whose sides are three, fora and 
ftye inches, which is the largest and which the smallest angle T 
If a leaning pole makes an angle equal to one third of a right 
angle, with a plumb-line, what angle does it make with a leYeL 
line passing through the foot of the pole and under the bob 
hung from its summit ? What angle will it make with any 
other level line passing through its foot ? What angle will the 
pole make with a level line passing through its foot, at right 
angles to one passing from the foot under the bob? 

CuAFTEss Yii., Yiii., IX. — Supposo that I set a stake seyen 
feet high in a level piece of ground, and measure its shadow 
and the shadow of other things on level ground as follows * 
When the shadow of the stake was ten feet, that of the house 
was thirty feet ; when that of the stake was nine feet, that of 
my poplar-tree was forty-one ; when that of the stake was 
coght, that of my cherry-tree was twenty-six ; when that of 
the stake was six, that of the church-steeple was one hundred 
and twenty-one. What is the height of the steeple, poplar- 
tree, cherry-tree, and house ? 

Chapter x. — I have one post and two rails to make a 
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teoe to keep the cattle from a young tree that has sprung up 
ly the fence in my pasture ; how ahall I make the largest pen 
ftir it ? Another tree stands in the middle of the field ; my 
only materials, for making a defence around it, are three 
posts, one rail, and a piece of rope longer than the rail; now 
what is the largest triangle I can make ? 

Chapter xi. — How large is each angle in an isosceles right 
triangle ? How many such triangles will it take to make a 
square? What does a carpenter mean by a mitre-joint? Do 
you know how a carpenter makes a mitre-joint ? 

Chafteb XII. — If, in a field with feur straight sides, we 
find all the sides of the same length, what may we know about 
the angles ? If, in such a field, we find the sides all equal, and 
two of the adjacent angles equal, how large is each angle in 
the field ? and what do you call the shape of the field ? I have 
seen traces that were of no use. What is the proper way to 
make them ? There is another use of three points not exactly 
like this, — Why is a three-footed table sure to stand steady 7 

Chaptebs XIII. and xiy. — How many yards of painting on 
the side of a house forty-two feet long and twenty-one feet 
high 7 How many square inches in a pane of seven by nine 7 
How many in a pane of eight by ten ? How many feet of land in 
a lot with two sides of eighty feet each and two of thirty-nine 
feet each, if the angles are such that the eighty feet sides are 
only thirty-five feet apart 7 How do you know that this lot is 
a parallelogram 7 

Chafteb xy. — How many feet of land in a triangle whose 
rides are thirty, forty and fiity feet 7 How many in a triangle 
whose sides are twelve, five and thirteen feet 7 How do you 
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Wnow that these trianglet are right triangles T Sappoio that m 
quadrangle hag sideB of thi^, fimr, twelve and thirteen ftei» 
and that the sidee of three and four Ibet join in a sqnard ooi^ 
ner, how many feet of land does it Inolnde T How do yott 
know that this quadrangle ean be divided into two right 
biangles ? 

Chaptbrs xyi. to XXI. — If I have a piece of the ftlloes of a 
wheel and want to find oat how large the whole wheel is, idiat 
shall I do ? How would you lay out a garden-path in a circle 7 
How would you make two paths at right angles to each othvT 
How will you make a circle on the blackboard ? How will jtia 
make two paths run at an angle of sixty degrees with efUsh 
other T If a steamboat's tiller is lashed ft»t in any position) 
in what curve will the boat run ? How will you make Htm 
oirole larger ? If there is a drole drawn on the blackboard* 
how can I draw a tangent to it at any particular spot in tht 
circumference 7 There are four ways, one from xx. 7, one from 
XX. 8, one from xxi. 6, and one from xix. 7. These ways have 
their special advantages and disadvantages. Point them out 

Chapters xxn. and xxiu. — How shall I find a point at aA 
equal distance from three given points ? How can you find 
the place that is equally distant from three of the comers of 
this room T How can you find a spot equally distant from the 
east side, the south side, and ihe diagonal of the room that 
runs south-west 7 What three kinds of polygons vHth equal 
iides and equal angles can be laid together like bricks in a 
pavement, and fill up all the space 7 

Chapters xxiy. and xxv. — Suppose the earth to be dght 
thousand miles in diameter, what is its circumference 7 WhttI 
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li the length of an are of seventy degrees In a olrcZe of om 
Ibot radius T Which weighs most, a square sheet of tin eleven 
iaohes on a side, or a round i»ece of the same thickness thir> 
fsen inches in diameter? If a sheet of tin four inches square 
weighs an ounce, what will a sheet a foot square weigh 7 What 
' will a circle ten inches in diameter weigh ? What is the differ** 
ttftoe between a piece of land fbur rods square, and a piece of 
ftar square rods 7 What is the difference between a foot square 
and a square foot 7 If a churoh-^pire is one hundred and 
twenty ftet high, how much more paint will it take to paint 
the church than to paint a model of it, with a spire twelve 
isiohes high 7 Is a square foot of sheet*-lead necessarily in a 
square form 7 What proportion in the cloth required to clothe 
% man five feet high, a man five ibet ten inches, and a man six 
ftet, supposing the three men to be of the same form, and 
dressed in the same fiishion 7 

Ohaptebs XXVI., xxni., xxviu. — How far does the head 
of a spike in the tire of a wheel four feet in diameter travel 
while the wagon goes four miles on a level road 7 What is the 
radius of curvature of its path when it is at the top of the 
wheel 7 When it is two feet from the ground 7 When it is 
one foot from the ground 7 A pendulum-bob swings in an arc 
of a circle ; how, from xxvin. 4, can you devise a plan to make 
it swing in the arc of a cycloid 7 What is the shortest path 
from <me point to another T Is the shortest path always quick-* 
est? When is it not, for whom or what is it not, and why 

B0t7 

Chapzbbs XXIX. and xxx.-^In a machine called a photom<* 
iter, a bead is placed on the rim of a wheel rolling inside of a 
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lioop of just doable the diameter ; in what path does the bead 
moYe T In a railroad carre the oars cannot tnm if the radiiis 
is too srnaU ; what objection to joining two straight traeks 
which are at right angles to each other by a curved track 
marked out by drawing many lines of equal length across tiie 
corner ? * 

Ghafteb XXXI. — If a rope weighs one pound for eadi 
yard, and I tie one end of it to a staple in the wall, how hard 
must I pull horizontally in order to make the radius of oum^ 
tore ten feet at the lowest point of the rope ? How hard to 
make the radius of curyature twenty-one feet? One hundred 
and eight feet 7 What is the radius of currature of a strai^^ 
line? How hard must I pull horixontally to make the rope 
straight ? If a chain, w^ghing two pounds to the yard, hangs 
between two posts of the same height, and the curyature of 
the chain in the middle has a radius of five feet, with what 
tbrse does it draw in each post ? What if the radius is thir^ 
feet ? If a piece of thread weighs at the rate of an ounce to a 
thousand feet, what horizontal force is required to make the 
radius of curvature a mile long ? But what to draw the thread 
straight ? In answering any of these questions on chapter 
XXXI., does it make any difference how long, or how short the 
rope, chain or thread, is ? 

Chaptebs xxxn., xxxni., xxxrv. — What is the path of ft 
rifle-ball in the air ? Can it then ever go straight to its mark? 
Can you &ncy the shape of the evolute of an ellipse T If ft 
hypocycloid of four arches be used as an evolute, but the 
string is taken om two opposite sides long enough to wrap 
round the whole arch, and on the other sides of no length 
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Wli&t sort of a onrye would it piodnoe 7 (An OTal, but not an 
empae.) 

Gharsr XXXV — What shape most a mirror be to act as a 
•.nming mirror by bringing the sun-light to a point 7 If a 
]Aeoe of a hollow sphere is used, at what distance from it will 
the imperfect point of light be formed 7 If you stand in the 
centre of a field bounded by a circular fbnce, where will the 
echo of your voice sound loudest 7 If the walls of a room are 
in the form of an ellipse, and a man stands in one ibcus and 
■peaks, where will the echo sound loudest 7 If a paraboloid 
reflector were placed behind the whistle of a locomotive, what 
e£Eeot would it have on the sound 7 

Chapter xxxvi. — A man is said to have borrowed a heap 
of peat-mud, which was stacked in a cubical fbrm, four feet 
on a side, and to have returned two heaps, each a cube of three 
Ibet on a side. Did he make a just return 7 What is the pro- 
portion between the length of a hogshead holding one hundred 
and twenty-five gallons, and a keg holding one gallon, if they 
are of the same shape 7 If the smallest of the three men 
mentioned on page 141, weighs one hundred and fifty pounds, 
what do the others weigh 7 If a man five and a half feet high 
weighs one hundred and sixty pounds, and a man three inches 
taller weighs one hundred and eighty, which is stouter in pro- 
portion to their height 7 

Chapter xxxtii. — Suppose a pole listened at the end of 
a horizontal revolving arm. If the pole lies horizontal, it keepi 
in a horizontal plane ; if it is vertical, it describes the sur&ce 
of a vertical cylinder. But if it inclines towards the centre* 
|K»t about which the arm revolves 7 If it inclines, but not 
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directly toward t]ie centre-post? Gut saoh a bTperboloid 
sur&ce by a horixontal plane, and what will the section be ? 
Cut it by a yertical plane> what will the section be 7 What 
change, as you moye the vertical plane to and from the centre 
of the figure ? 

CHAFTEn xxxTUi. •— How many cubic feet of gas will fill a 
round balloon seven yards in diameter ? How many yards of 
silk three quarters of a yard wide will it take to make such a 
balloon ? If the earth were eight thousand miles in diameter^ 
and a perfect sphere, what would be the number of square 
miles of its sur&ce T Of solid miles in its contents ? To how 
many balls thirteen inches in diameter would it be equivalent ? 
How many tons would it wdgh, if it were aU water* one 
thousand ounces to a cubic fbot T How much if three and one 
half times that weight 7 
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